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Chapter 1

The Remainder Theorem and the
Factor Theorem

In this chapter, the students will study the remainder theorem and how it applies
to the factor theorem concerning the polynomials. A polynomial of degree n in one
variable = can be written as agz”™ + a;z™ ! -+ ... + au-1T + @, where the coeflicients
g, Ay, . . ., 8p1, 0, are real numbers with gy # 0 and n is non-negative integer. The
degree of a polynomial is the greatest exponent of its variables. We will use the
functional notation f(z) to denote a polynomial in z, i.e., f(z) = agz" + ayz™ +
ey +ay.

1.1 Dividing Polynomials

When a polynomial f(z) is divided by a divisor d(z), we get a quotient g(x) and the
remainder r(x). This can be written as [(z) = d(z) - g(x) + r{z), where r(z) = 0 or
the degree of the remainder r(z) is less than the degree of the divisor d(z).

Example 1.
Divide 2z + 323 + 5z — 1 by x* — 22 + 2 using the long division.
Solution 2w + Ix + 10
P-2e+2 [t o+ 3+ 0 v Sy -
n - 4+ 4
W - 4+ S5x
¢ - 14¢ + l4x
0 - 9¢ — |
10¢  —20x + 20

Hx - 21
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This tells us that when the dividend 22" + 32 + 5z — 1 is divided by the divisor
r? — 2x + 2, the quotient is 22 + 7 + 10 and the remainder is 11z — 21. This can be
writlen as

20" +32° +5r — 1= (2" — 20 4+ 2) (2% + 7z + 10) + 11z — 21
~ - - Y s 1% o - N, e’
fiz) d{z) ql=) T

1.2 Synthetic Division

Synthetic division is another way to divide a polynomial by the divisors of the form
z—k, where k is a constant. This method normally reduces the writing and caleulations
that involved in the long division. The pattern of dividing a enbic polynomial
az® + bz? 4 ex 4+ d by = — k is illustrated below.

——— coefTicients of dividend

d
&
O

L_ remainder

cocfficients of quotient

Vertical pattern: Add terms in columns.

Digonal pattern: Multiply results by k.

The degree of quotient polynomial is one less than that of dividend.

For higher degree polynomial, the pattern is similar.

Example 2.

Use synthetic division and long division to divide z* — 102* — 2z +4 by = + 3.

Solution

For this division, we rewrite z + 3 as = — (—3).

-3 |1 0 -10 -2 4
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A +1

x+3| x* —-10°-2x+4
o+ 3¢
=350 -10x*
-3 - 9"

- -2
- X -3x
r+4

x+3
1

Quotient = a* — 3a* —x + 1

Remaindor = 1.,

1.3 The Remainder Theorem

Grade 11

We know how to divide a polynomial expression apz" + aya™ ' + ...+ a2 + a, by
the polynomial of the first degree, such as & — 1,2+ 2,22 + 3,2 — J and so on. In this
cast, Lthe remainder is always a constant, That is, the remainder does nol depend on

£ Our aim is to find the remainder withoul doing the actual division,

Theorem 1.1 (Remainder Theorem). If a polynomial f(x) is divided hy x= — k,
then the remainder is f(£).

Proof. Let g() be the gnotient and /i be the remainder when f(x) is divided by & — k.

Sinee 1 does not depend on r, we can then write [{r) as

Then

That is 12 = f(k).

Jla) =(x— &) q(x)+ I

(k—Fk)-qlk)+ R
O-q(k)+ R
=

f(k)

Il
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Example 3.

Find the remainder when 422 + 3 — 1 is divided by z — 3, by using remainder theorem.
Solution

Let f{z)=42%+ 3z — L.
When f(x} is divided by o — 3,
the remainder = f(3) = 4(3)% + 3(3) — 1 = 44.

Example 4.

Find the remainder when 2t 4 42% — 3z is divided by 2 4 1, by using remainder
theorem.

Solution

Let f(x) = a® + 429 - 3u.

When f(x) is divided by = 41,

the remainder = f(=1) = (=1)* + 4(-1)% - 3(-1) = 8.

Example 5.
When the polynominl pe?* + 1122 + 2pz — 5 is divided by 2 + 2, the remainder is 15.
Find the value of p.

Solution
Let f(z) = pe 4+ 1157 + 2px — 5.

Whenf(x) is divided by x + 2,

f(-2)

= p(=2P3 4+ 11{—2)? +2p(—2) — 5
= =8Bp+4-4p-0

the remaminder

= —12p+39.
By the given condition, — [2p+39 = 15
12 = 24
n = 2

Theorem 1.2, If a polynmnial f(x) is divided by az — b,a # 0, then the remainder
) b
is f(~).
i
Proofl. If J{x) is divided by ax—b, let () be the quotient and R the remainder. Then
Jlx) = (ax—b)-g(2) + 1.

4
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b
Now putting x = P both sides, we have

b

f(;} = (a{E] —b). q{g} +R=R.

Hence R = f (g).
Example 6.

Find the remainder when 222 4+ 52 — 3 is divided by 22 — 3.
Solution
Lot f(x) = 22% + 52 - 3.

When f(x) is divided by 22z — 3,
3

the remainder = f (5)
3\* . (3
- 2(3) +3(3) -3
0 15
= §+'§—d

= .

Example 7.

When f(x) = 22° — 72 + pa + 5 is divided by 2z — 1, the remainder is 1

value of p.

Solution

Lot f(x) = 20* — T2? 4 pz + 5.

When f(2) is divided by 2x — 1, the remainder = _,r(%)
So we have

(5) =1
SRR 1\? i T
2(5) _?(i) +p(§)+a =1
1 7 p
17173 - ™
l-74+2p = 16
2n = -10
p = -

~Grade 11

. Find the
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4.

o

6.

10.

11.

Exercise 1.1

. Using synthetic division, find the remainder and quotient when

(a) 32% — 2z + 1 is divided by z — 1

(b) 3 — 4 — 2% is divided by = + 1

(¢) 42 + 2w — 3 is divided by = — 3

(d) 227 + 22 + 22 + | is divided by  + §
(e) x' — 6ax* + 9 is divided by x — /3

. Using the remainder theorem, find the remainder when

(n) 522+ Tz + 9 is divided by x + 1.

(b) —z* + 3x* — T is divided by x — 2.

(€) 22% + 3z% + 5 is divided by z — 3.

(d) % — 6zt + 122% — 15 is divided by x + /2.
(¢) x' =22+ 6 is divided by z.

3. Find the remainder when

(n) 6z%+ 2 — 7 is divided by 2z + 3.
(b) 10z* + 52 + d2* — 9 is divided by 2z — L.

When z* + 322 — mr + 4 is divided by = — 2, the remainder is m + 3. Find the
valie of n.

. The polynomial z* + az® + bx — 3 leaves a remainder of 27 when divided by = — 2

anel a remainder of 3 when divided by r + 1. Calenlate the remainder when the
polynomial is divided by » — 1.

The expressions z* — T2 4 6 and 2 — 2? — 4z 4 24 have the same remainder when
divided by x + p. Find the possible valnes of p.

Given that the expression 2 — ar® 4+ br + € leaves the same remainder when
divided by z 4+ 1 or & — 2, find ‘&’ in terms of 'l

Given that the remainder when f(x) = 2% — 22 + ax is divided by = + a where

n > 0, is twice the remainder when f(x) is divided by @ — 2, find the value of
a. Find also the remainder when f(x) s divided by x — 2.

When the expression ¥ + az? + 4 is divided by @ + 1 the remainder is 6 greater
than the remainder when it is divided by 2 — 2. Find the value ol a.

What mmber shonld be subtracted from 32" — 522 + G so that on dividing it
by & — 3, the remainder is 87

The remainders when f(x) = ax® + ba + ¢ is divided by @ — 1,0 4 1,0 — 2 are 1,
25, 1 respectively. Show thal f(x) is a perfect square,

6

=



Text Book Mathematics Grade 11

12,

13.

14.

16.

When the polynomials az? 4 5z* + 3z + 4 and 32® + 92% + ax — 6 are divided by
z +3, the remainders are A and B respectively. Find the valuesof g if A+ B = 4.

The remainder when ax? + br? 4 2x + 3 is divided by z — 1 is twice that when it
is divided by = + 1, show that b = 3a + 3.

The remainder when 2% + kx? 4 7 is divided by z — 2 is half the remainder when
the same expression is divided by 2z — 1. Find the value of k.

The remainder when z* + 32* — 2z + 2 is divided by x + a is the square of the
remainder when £* — 3 is divided by z + a. Calculate the possible values of a.

The expression az® — z? + bz — 1 leaves the remainders of —33 and 77 when
divided by z 4+ 2 and z — 3 respectively. Find the values of @ and b and the
remainder when divided by z — 2.

1.4 The Factor Theorem

The factor theorem is an application of the remainder theorem. If the remainder is zero
when the polynomial f(z) is divided by z -k, then the divisor z —k is a factor of f(z).
Repeated application of the factor theorem may be used to factorize the polynomial.

Theorem 1.3 (The Factor Theorem). Let f(z) be a polynomial. Then z — k is a
factor of f(z) if and only if f(k) = 0.

Proof. Suppose that z — k is a factor of f(z). Then

f(@)=(z—k)-g(z)

for some polynomial g(z). It follows that

k) = (k— k) - g(K) = 0.

Conversely, suppose that f{k) = 0. We have known that

[(z)=(z - k) -q(x) + R,

[or some polynomial g{z). Then f(k) = (k — k) - q(z) + R = IR, we have R = 0. Thus

f(z) = (z — k) - q(z).

Therefore = — & is a factor of f(z).
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Example 8.

Show that = — 2 is a factor of f(z) = 22" + 7z® — 42 — 27z — 18. Using
(i) the factor theorem, (ii) synthetic division.

Solution

flz) = 22 + 72* — 42 — 272 — 18

(i) f(2)=2(2)* +7(2)" —4(2)* —27(2) — 18
=324+56—-16—-54—-18=0

By the factor theorem, x — 2 is a factor of f(z).

i) =~ 212 7 -4-271 -18
4 22 36 18
2 11 18 9 0

The remainder = 0.
Therefore z — 2 is a factor of f(z).
Example 9.
Find what value ¢ must have in order that z — 5 may be a factor of
73+ 472 -3z + ¢
Solution
Let f(x) = z¥ + 422 — 3z + c.
z — 5 is a factor of f(x) when f(5) = 0.

5%+ 4(5)* -3(5)+¢c = 0

1254+ 100 —-154-¢ = 0

¢ = =210.
Example 10.

Find the factors of 2® + 3z — 13z — 15.
Solution
Let f(z) = 2* + 32* — 13z — 15.
We shall try the divisors of 15, namely =1, 3, 5, +15.
f{1) = 143-13-15#0
f(=1) = (-1)*+3(-1)*—13(-1)-15
= —=14+34+13—-15=16—-16=0.

By the factor theorem, « + 1 is a factor of f(x).
The other factors can be formed by actual division as follows:

8

Text Book
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o Ix—15
x+1 X +3¢-13x-15
© 4+

2 - 13x
2% + 2x
—15x— 15

- 15x-15

0
@) = (x+1)(a*+2c—15)
= (z+ 1){z - 3)(x - 5).

Therefore the factors are (z + 1), (x — 3) and (a4 5).
A root of a polynomial equation f(x) = 0 is a mumber v such that f(r} = 0. With

regard to the rational roots of a polynomial equation with integral coefficients, we have
the following theorem:

Theorem 1.4 (Rational Root Theorem). If the rational number E, a fraction in
i

the lowest terms, is a root of the equation apx™ +a 7" ' +aor" 2+ +a,yr+a, =0,
where a,(i = 0,1.2, ... n) arc integral coefficients and ay # 0, a, # 0, then pois an exacl
divisor of a,, and g is an exacl divisor of ap.

v [ LI . ,
Proof. Since = is a root of the equation
fq

e o ]
tipr” + o a" ! + o™ 4. 0, yr4a, =1,

n | n-2
fhy (‘.i.f) |- ary (E) I i1y (E) R 7 (E) +a, =0
i 4 q “

Multiply each term of this equation by q", we get

wi have

a4 agp” g aap" e o ap" T Fag” = 0.
If we add - a,q" to the hoth sides and divide both members by p.

@ - — — i
tpp" '3 ap" Cy + axp” "a‘[x + ooty it ' = z ! :




Gracde 11 Mathematics Text Book

In the left hand side of the above equation, since each a;,p and q is an integer, and
- "

therefore,

is an integer. Also, p and g have no common factor, so that p does
not divide ¢". Thus p is an exact divisor of a,,.
—app"
9
By the same type of argument, we have the fact that g is an exact divisor of ag.

Similarly, a;p™! + azp" g + ... + an1pg" T +ang" ! =

To use this theorem, we should first list all rational numbers whose numerators
are factors of the constant term and whose denominators are factors of the leading
coeflicient.

Factors of constant term
Factors of leading coefficient

Paossible rational roots =

The following theorem follows directly from the above theorem.
Theorem 1.5. Any rational root of the equation
2+ a2 g™t b e+, =0

where each a; is an integral coefficient, must be an integer which is the exact divisor
of the constant term a,.

Example 11.

Solve the equation 3z% — z2 -3z +1=0.

Solution

Let f(z) = 32® — 22 — 3z + 1.

The leading coefficient is 3 and the constant term is 1.
Possible rational roots are +1, :I:%.

f()=3(1PF -1 -3(1)+1=0.

Therefore z — 1 is a factor of f(x).

3 + x - 1

-1 [37 — 2 - 3 + 1

I - 3

2%~ 3x
ax: - 2x

-x + 1

-x + 1

0

10

sl
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fle)=(z-1)@322+22—-1)=(z-1)(Bz - 1)(z + 1)

flz) = 0
(z-1)@Bz—1)(z+1) = 0

or z+1=0
or r= -1

z—1=10 or 3z-1-=
Therefore =1 or IT=

L) =S

Example 12.

Solve the equation 4z' + 87 — 722 — 11z + 6 = 0.
Solution

Let f(z) = 4z* + 82® — 7z? — 11z + 6.

The leading coefficient is 4 and the constant {.crmlis 6. >

Possible rational roots are £1, £2, :l:3,:l:ﬁ,:|:§.:l:-‘-‘-, i%ij{«

f) = 4 +8(1)* -7(1)? —11(1) + 6
= 44+8-T—-11+6=0.

Therefore z — 1 is a factor of f(z).

f(-2) = 4(-2)* +8(-2)* - 7(—2)* - 11(-2) +6
= 64—64-284+224+6=0.

Therefore £ + 2 is a factor of f(z).
(z — 1)(z +2) = 2% + z — 2 is also a factor of f(z).

* + 4 - 3
PHx-2 | & + 8 - % —1lx + 6
at o+ 4’ —
4° + 2 = Ix
4’ 4 - Bx
32 — 3 + 6
37 - 3 + 6

flz) = (2*+2z-2)(4z? +42-3)
= (z-1)(z+2)(2z - 1)(2z + 3)

11
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flx) = 0
(2 = 1){x+2)(22 - DN2x+3) = 0

£—=1=10 or w+2=0 or 2e—1=10

a | .
Chevelore o =lora = —-2or s+ = 5 Or = —

Example 13.

Text Book

2r 43 =1

If the equations ax® + 42% = b — 10 = 0 and ax® — Y2 — 2 = 0 have a common root,
then show that a = 2 or 11. Henee, solve the equation 2% — 95 — 2 = ().

Solution

Let ¢ be a common root of ar® 4+ 422 — 52 — 10 = 0 and a2' — Q¢ — 2

Then acd + 462 — 5¢ — 10 = 0 and
at -9 -2 =1).

Subtracting the equations, we get
4t 4 de—-8=1)

Z4e—2=0

(e+2)(e—-1)=10

e+2=0 or e—1=0

c=-2 or c=1.

Ile= 2, then a(—2)* = 0(-2) -2 = 0
-S4+ 182 = 1}
a = 2

IMe =1, then a(1)* = 9(1) =2 = 0
M—9-2 = 0
0 = 1L

Therefore a = 2 or 11,

IJ.’!. f{_f} - Q:r:‘ —_ !}‘. i 2

Sinee ¢ = ~2 is a root of flx) = 0. f(~2) = 0.

Therelore (& + 2) is o factor of f(rx).

12

= (L
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2 - 4w )
x+2 [2¢ - 9x - 2
2+ a4
-4 — O
-4¢ - 8
- x - 2
- x — 2
0

fix) = (2 + 2)(22% — 4z — 1)

fig)y = o
(x+2)(22° —dz—1) = 0
r4+2=0 or 2r*—dr—|=1

A+ /I6+8
- =Yoo

r==2 or r

1%

Vi
i

Exercise 1.2

l. Show that & — 2 is a [actor of 2 — 622 + 12x — 8.

2. Show that 22 4 1 is a factor of Gt 4 525 — O — 0 2.

3. By using synthetic division, show that & — 3 is a factor of

32t — 1992 4 332 — 9.

=

=l

Solve the following equations:
() Gt 4 2% = 192 4+ 6 =1
(b) G +- 1022 — 172 =2
(¢) ' =022 — 42 4+ 12=0

Find the factors of 208 + 1122 + 182 + 0,
5. Find the factors of + 4 502 4+ 20 — 8.

Find the factors of 20 — 323 — 422 + 3r + 2.

B. Use synthetie division to find all the factors of + + G — 9 — 54.

0. If the expression f(x) = 62* + 132* — 40r — dp is divisible by 2 — 1, find the

valne of .

13
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

If 2 — 5z + 4 is a factor of f(z) = 22* + az” + bz — 12, find the values of @ and
b, and the third factor.
The polynomial az® + bz® — 5z + 2a is exactly divisible by z* — 3z — 4. Calculate
the values of a and b, and factorize the polynomial completely.
¥ + az? — £ + b and 2" + bx? — 5z + 3a have a common factor z +2. Find a and
b.
If z—k is a common factor of expressions f(z) = z3+ar+band g(z) = 2*+pxr+g,
show that & = q—_b

a—p
Given that f(z) = 22° + pz® + gz — 9 has a factor = — 3 but leaves a remainder
of 8 when it is divided by = + 1. Find the values of p and ¢q. Show that 2z + 1 is
a factor of f(z).

If z — 1 and z + 2 are [actors of 2 + (5a + 1)z* + (b — 3)z — 10, find the values
of @ and b. And then factorize the given expression completely.

Given f(z) = £* + pz? — 27+ 4V/3 has a factor z + /2, find the value of p. Show
that = — 24/3 is also a factor, and solve the equation f(z) = 0.

Given that kz® + 222 + 2z + 3 and kz* — 2z + 9 have a common factor, what are
the possible values of &7

Given f(z) = 22° + ax? — Ta’z — 6a®, determine whether or not x —a and z +a
are factors of f(z). Hence find, in terms of ‘a’, the roots of f(z)=10.

If the equations az* 4+ 2° — 7 +3z+2=0and az* — 22 +3z+1 =0 have a
common root, then find the value of a.

Given that 47% — 9a%z? + 2(a® — 7)z — 18 is exactly divisible by 2z — 3a, show
that a® — 7a — 6 = 0 and hence find the possible values of a.

Given that f(z) = 22" — (p+ 1)z? + p, where n and p are positive integers. Show
that = — 1 is a factor of f(z), for all values of p. When p = 4, find the value of
n for which = — 2 is a factor of f(z) and hence factorize f(z) completely.

14



Chapter 2
The Binomial Theorem

An algebraic expression containing two terms, for example z +y, a — 2, 2z + 1, etc,,
is called a binomial expression. The expression of a binomial with a small positive
power can be calculated by ordinary multiplication, but for large power, the actual
multiplication is diflicult and complicated. By means of the binomial theorem, it ecan
be easily calculated. In this chapter, we will study the expansion of (a + b)" for a
positive integer n.

2.1 Binomial Expansion
We can express powers of (z + y) as follows:

(z+y)' = z+y

(z+y)? = 2 +2y+y

(z+u) = = +3z°% + 32y +9°

(x+y)' = 2*+42% +62%° + 4oy’ + o

(r+y)® = =+ 52y +102%® + 102%y° + 5z + »°

li

We can nolice the facts in the above expansions.
« If the power of the binomial is n, there are n + 1 terms.

+ The sum of the powers of  and ¥ in each term is equal to the power of the
hinomial.

e The power of x decreases by 1 in each consecutive term while the power of y
increases by 1 in each consecutive term.

+ [rom the above expansions of the powers of (z+y), the coefficients form a pattern
as below,

15
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Binomials {‘_:[u_"[ﬁ('_il'”t,:;
(x4 9)? 1 2 1
(x + u)* 1 3 3 1
(x4 y)' ) 4 6 4 1
(ar + )" | 5 10 10 D 1

e The coeflicients for binomial expansions in the asbove table is called
Pascal’s Triangle, in honour of the great French mathematician, Bluise Pascal
(1623-1662). In each row of this triangle, the outer terms are always | and each
of the inner term is oblained by adding two values abowve it.

Example 1.

Write down and simplify the following i‘hj}ﬂllﬁlnllh
(i) (1 + 22) (if) (2 — x)® (iii) (a + -)
Solution.

(i) {(142)* =)+ I(l]"{lr) i G l)’(?a] +4(1)(22)* + (2x)!
= 1+ 8r -+ 2d42° + 322" + 162"

(2+ (~2))°

= (2)° + uP}(:}}mPP(rr|IMﬂﬂ P + 5(2) (= + (—7)°
= 32 — B0 + 80x* — 407 + 102! - £°

(ii) (2-x)°

’ = i i - 2 ‘2 -
(m]tw»fﬁ mﬁﬂ*+m1(f)+uuﬂﬁ T+IMﬂH§V+5UH;V+I;V
! ; § S0 80 32 ' ' '
="+ 10t + 408+ — + =+ —
' iy £

Example 2.

Faxpand and simplify (5 - 32)(2 + )"

Solution

(5—32)242)' = (5=32)(2)' +4(2)%x + 6(2)%* + 4(2)2" + 2|
= (56— 3r)(16 + 327 + 24x* + 80 + =)
= 80+ 160r + 1202* + 402" + 52!
—A8r — 960? — 72 — 240 — 30
= 80+ 112 + 242* - 32¢" — 192" - 35°
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Example 3.
Find the first three terms, in ascending power of z, of the expansion of (3 — z)°. Use
the result to find the coefficient of 2 in the expansion of (1 — 2x)(3 — z)°.
Solution
(3 — )% = (3)° + 5(3)*(—z) + 10(3)*(—x)* + ...
= 243 — 405z + 270* + . ..
(1-2z)(3 — z)° = (1 — 27)(243 — 405z + 27022 + ..
The coefficient of z? = 1(270) — 2(—405) = 270 + 810 = 1080

Exercise 2.1
1. Expand the following.
(@) (12 (b) (a+ 26 (@ (1+ 22y
(@) (1~ z2)* © (40" 0 Gz +3v)*
(®) (z—2p (h) (522 M G-

2. Find, in ascending powers of z, the first three terms of the expansions of (1 —2z)*
and (2+z*)°. Hence find the coefficient of 2 in the expansion of (1—2z)%(2+z?)°.

3. Find, in ascending powers of z, the first three terms of the expansions of
(1+ 27)* and (2 - E:::}"". Hence find the coefficient of z? in the expansion of
1
(14 2c)(2- E:.r:)ﬁ.

4. Find, in ascending powers of x, the first three terms of the expansions of (1+2z)°
and (3 —z)°. Hence find the coefficient of 2 in the expansion of (3 + 5z — 2z2)°.

5. Find the value of (z + v2)* + (z — V2)*.

2.2 The Binomial Theorem

Pascal’s triangle can be used to expand the power of binomial expressions, but it
is really useful only for small powers. If we want to expand a binomial expression
with a large power, finding the binomial coefficients by the use of Pascal's triangle is
impractical. Tt would require too much work to extend the triangle. In such cases,
using the binomial theorem with combinatorial coefficients is better.

17
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The numbers "C, count the number of r-element subsets of an n-clement. set.
Consider the set X = {a,b, ¢, d} and the number of subsets of X.

Subset Number of subsets
¢ 'Cy

{a}, {b}, {c}, {d} c)

{a, b}, {a,c}, {a,d}, {b,c}, {b,d}, {c,d} ic,
{u,b,c}, {e,b,d}, {a,c,d}, {be.d} 1

{a,b, e, d} L 'Cq

For any integers n and r where 0 < r < n,
We define:
"Co =1, "Cn =1

“h=n,
ng o ?I(Tl‘.— t]
C2="12
s nin—1){n—2)
G=—""T2.3
N = nn=1)n=-2)---(n—(r=1) nn-1)(n-2)(n—r+l)
T 1-2-3...r - 1 v By :

for example, (i) 'Co = 1,%°Ca=1,7Ch =1, 'Cy = 1
(ii) HC;; = 1, dc.q = ].., H{:' — 1, mCm =1
(iii) 1C) = 4, 5C, = 5,%C, =9, ¥C, =12
4.3 T.G+D 9.8.7

) 4 i T — ar 9
(iv) 62-1.2 G, 'Cy 1793 35, °C;

Theorem 2.1 (The Binominl Theorem). For any @ und y,

(ﬂ._. + y]“ — “Cu.‘l“."y“ 8 ”C']:.-:“"ly o+ nCrIH-ryr + .. “C,.J:”y“

where n is a positive integer,
Proaf. The left-hand side represents the product of n copies of (x + y).

(x+y)' =(+yle+y)...(a+y)

"
n foaetors

We will expand this expression, multiplying all the terms out. together. Since there
are n linear factors, each term in the expansion would be of the form 2" Fyk | for some
k=0,1,2,....n which represents how many times of i wns chosen. The coefficient
of 2" %" is the number of ways of choosing y exactly k times, This is the same as
choosing n subset of k of the n factors from which to choose i (with x being chosen

from Lhe rest).

18
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« We get 7" by choosing z [rom every one of the n factors. It can be done in one
way. The number of ways of choosing z* from n factors is "Cp. So the term with
=" is "Coz"y".

« We get " 'y terms by choosing y from one of the n factors and choose = from
the remaining n— 1 factors. The number of ways of choosing one y from n factors
is ;. So the term with y is "Cyz" " 'y.

« In general, for any 7 where 0 < r < n, we get " "y" terms by choosing y from r
of the i factors and choose z from the remaining » — r factors. The number of
ways of choosing y" from n factors is "C,. So the term with y" is "Crx" " "y".

« We get y* by choosing y from every one of the n factors. It can be done in one
way. The number of ways of choosing y" from n factors is "Cj,. So the term with
yu is "C,,.t“y".

Hence
(2 +y)* ="Coz™® +"Ciz" 'y + ... + "Cx" "y + ...+ "Cozy".

The coefficients of successive terms "Cy,"Cy,...,"C, are called binomial
coefficients.

Special Case

(1 'i":r:l“ =1 +n{“|I+“CzIz+"C«'3;!'1+--- gn ,._;I"_l + "

Note.
Consider the expansion of (r + y)" where n is a positive integer,
1. The binomial coefficients are all integers.

2. The coelficients of terms equidistant from the beginning and end of the expansion
are equal.
That is

"C'] = “Cuf-]
“01 == "C,,_..| =n

"Cr == “Cu—r

Corollary 2.2. For any integers n and r, 0 < r < n, "C, ="C, .
nn—1N)(n-2)...(a—(r—1)) _nln—1)(n— 2)...(n—r+1)

Proof. "C, = T 1:2-3...-r
G nn—Nn—-2)...fn—-(n-r—-1) nn-1)n-2)...(r+1)
n-r = 1-2-3...(n-7) C 123 (n-r)

19
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nn—1)(n—-2)...(n—r+1)
"Cr _ 1.2.3...:r
o - nn—1)n-2)...(r+1)
1-2.3...(n—1)
n(n—l}(n—?]...(n—r-t-l)x 1-2.3...(n—r)
1-2-3...-r nn—1)n-2)...(r+1)
1-2:.3...(n=r)n-r+1)...(n=2)(n-1)n
1-2-3...-r(r+1)...(n—2)(n—1)n

=1
LM = i 8

The number of r-element subsets of n-element set is equal
to the number of (n — r)-element subsets of n-element set.

for example, 'C; = 7C,
130, = 3C,

General term
The general term is used to find out the specific term.
The general term of (x + y)" is

the (r + 1)* term ="C,z""y"

Example 4.

Prove that "Co +*Cy +"Co + ...+ "C,, = 2™,

Solution

(z+y)" ="Coz™y® + "Crz" 'y + "Caz™ 2y + ... + "Cpz’y"

Lettingz =1land y =1,

(1+1)* ="Col®1% 4 41" 1! 4 2Go1™ 212 4 ... + *C, 101"
2 ="C+"Cy+"Co+ ...+ 0,

Example 5.

Find the first three terms, in ascending power of z, in the expansion of
1
(i) (1 + 2z)° (ii) (2 - 5::}‘5.

Hence find the coefficient of 2% in the expansion of (1 + 22)%(2 — %z}“.

20
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Solution
() (1+22)° =1+ 5(.3'1{2:1:] 5(?2(2.5}2

= 1+ 5(2z) + ﬁ 422 +

y =1+ 10z + 402% +. ;
fl'.i) {2 — E;I:}B = "002“ + “C‘| 2}5 —[?J" HCJ{E}A{—EH']E 5 pere
i 5(32)(-;.:} Tk ; > (16)(32) +

= 64 — 96z ﬁﬂx’ +
(1+2z)%(2— -.'r)“ (14 10z + 4022 + .. .)(64 — 962 + 602* +...)
thi ncefficlent 44 = 1(60) + 10(—96) + 40(64) = 60 — 960 + 2560 = 1660

Example 6.

Expand (1 — 2z)'® in ascending powers of x as far as the term in z*. Use this result to
find 0.998'® correct to 6 decimal places.
Solution
() (1—-22)"° = 14'°C(—22) +°Cy(-2x)” + '°Cy(—22)" +
16- 15 -15-
= 14 16(—27) + L e g

fini 1-2.3
= 1 — 327 4 48022 — 44802° + ...

Since 0.998 = 1 — 0.002,
0.998'% = (1 — 0.002)'*
= (1 — 2(0.001))!6
= 1 — 32(0.001) + 480(0.001)2 — 4480(0.001)" +
= 1—0.032 4 0.00048 — 0.00000448 + . ..
= 0.968476 (6 decimal places)

Example 7.

Find the term independent of x and the coeflicient of z® in the expansion of (3 — 2x)°.
Solution
(3 — 22)"
(r + 1) term = 9C,(3)V-"(—2z)"
=90, (3)°-"(=2)" (z)"

To get the term independent of z, put r = 0,

21
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the term independent of z = °Co(3)"%(—2)" = 3" = 19683
To get the coeflicient of z°, put r = 5,
the coefficient of #* = YCs(3)7-%(-2)°

0.%8-7:6-5

A AR LY
- |-2-3-4-5[””E &)
= 126(81){—32)

= —326592

Example 8.

The binomial expansion of (1 + ax)", where n > 0, in ascending power of r, is
14 20z + 45a%z* + br® + . ... Find the values of n, a and b.

Solution

(14 ax)* = 1+ "C\(ax) + "Calaz)? + "Cylax)® + ...
wn—1) , , nln=1)Mn-2) , ,

=1+ naz + 12 2.3 a"z° + i
By the problem, (14 az)® = 1 + 20z + 45a%2* + b + ..
So, na =20 (1)
n(n—1)
e, Sl = 45 9
A2 e (2)
n(n—1){n— )“:{ R (3)

L3
From equation (2), nin—1) =9

nn—1)=10x9

son=10
substituting n = 10 in equation (1),
a=2
substituting n = 10 and @ = 2 in equation (3),
10010 — 1)(10 — 2) 10-9.8 :
b= oW = —— .8 =960
1-2-3 (2) 6 8

Middle term in the expansion

In the expansion of (x + y)", there are (n + 1) terms.

; + 2\
o If 5 is even, then (n 4+ 1) will be odd. So, (-I}é—) term will be the only one

middle term in the expansion.
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: - T w43\
« lf nis odd, then (n + 1) will be even. So, ) term and ¢ 5 term

will be the two middle terms in the expansion.

Example 9.
Iz 14
Find the middle term in the expansion of (1 - E) ,
Solution
IE 14 J:-_-1 r IH "
(r+ 1)" term of (1 - ?) = ey (_i) = M (*?)
9y 14

In the expansion of (l — %) , there are 15 terms.

14 4+ 2\

= term = 8 term

the middle term = (
= (T4 1) term

Id "'1 )
=vai(-3)
_ 14-13-12-11-10-9-8, z*
~ " 1.2.3-4-5:6+7 {_1_2351]
429514
16

Exercise 2.2
1. Find the 5 term in the expansion of (22* — ;)"".

2
2. Find the 8% term in the expansion of (/x + ﬁ)ﬂ.

5 3
3. Find and simplify the coefficient of % in the expansion of (2% — ;]'“.

4. Find the term independent of x in the expansion of (— — ).

22
= ﬂ
5. Find the middle term in the expansion of (— - —)'".

6. Find the middle terms in the expansion of (2 + —)7

1. lf the coeflicient of z* in the expansion of (3 + 2.1'}“ is equal to the cocfficient of
' in the expansion of (k + 32)%, find k.

8. In the expansion of (z*+— ]* a # 0, the cocfficient of 27 is equal to the coefficient

of 719, Find the value nfrl
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10.

11.

12.

13.

14.

15.

16.

i

18.

20.

21.

Given that the coefficient of 2 in the expansion of (a + z)® + (1 — 2z)% is —120,
calculate the possible values of a. '

In the expansion of (2 + 3z)", the coefficients of 2* and 2% are in the ratio 8 : 15.
Find the value of n.

Given that the cocfficient of 22 in the expansion of (4 + kx)(2 — x)9 is zero, find
the value of k.

Given that the coefficient of z* in the expansion of (1 —ax)® is 60 and that a > 0,
find the value of a.

Write down the third and fourth terms in the expansion of (a + bx)™. If these
terms are equal, show that 3a = (n — 2)bz.

If (1 +az)” = 1+ 20z + 15022 + - - - |, find the value of n and of a.

The first three terms in the binomial expansion of (a + qf?", in ascending power
2n

n—1

Write down the binomial expansion of (1 + 2x)™ in ascending power of z as far

as the term containing z*. Given that the coefficient of z* is twice the coefficient

of 2 and that both are positive, find the value of n.

of b, are denoted by p, q and r respectively. Show that o =

Write down the first three terms in the binomial expansion, in ascending power
of z, of (1+ ax)" where a # 0. Given that the coefficient of z in this expansion is

: 1. Find the value of the coefficient

twice the coefficient of 2. Show that n = A

of 22 when a = %

I the expansion, in ascending powers of «, as far as the term in z*®, of
(2—2)(1 +az)® is 1+ bx® + -+ | find the value of & and of b.

. Find the first three terms, in ascending powers of a, in the expansion of (14 )",

By substituting ¢ = 2z — 52% [find the coeflicient of z? in the expansion of
(1 + 2z — 5z*)1°.
Let a = 2 — /2. Using the binomial expansion, express a® in the form m + nv/2.

Find the binomial expansion of (z + 2)%. Hence find the exact value of (2.001)%.




Chapter 3

Elementary Functions and
Transformations

In Grade 10, elementary functions: linear lunction, quadratic function, absolute value
[unction, square rool [unction, and rational [unction, were introduced. Students also
studied graphs of these functions. This chapter contains, first, a collection of the
simplest forms of these elementary functions, including cubic function and cube root
function, and their graphs. After that, transformations of these functions appear as
a continuous study of those of quadratic functions and absolute value functions from
Grade 10.

3.1 Elementary Functions

The following are graphs of the elementary functions:

. 1 . .
y=Ly=z,y=Vry=2 y=ld y=_, y=2"amdy=

i F2aeanae
T Llal | - |
HH: AP .Jf”.
s -2} 21,1 =1 (9.3)!
bk B why > =atb |
O O L | | [ 11! -l
e 5 Pl 0!31.“!._5_‘5‘_.'{_‘&:?:
L1 - ik
i |"_ 1L Ili_‘ ‘
1] T |
AEEE AN B
Graph of y = 1 Grpahof y ==z Graph ofl y = /x
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Graph of y = o

3.2

Graph of y = Yr

Transformations

Let us consider three Lypes of transformations: translation, reflection, and scaling.

Translations

Students already learned translations of quadratic functions and absolute value

functions in Grade 10. Now we consider translations of arbitrary functions.

Let 4y = f(x) be a given [unction.

Vertical translation: The graph f)l'[;; f[JE + & ]ih‘ translation vertically, & units,
up {(when & > 0) or down (when k < 0) of the graph of y = f(z) as

(x,4) = (&0 + k)

26
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since if (ir, ) is on the graph of y = f(x) then (&, y+ &) is on the graph of y = f{x) +k.

Horizontal translation: The graph of ‘1,7: [z — h,']-|-| is translation horizontally,
h units, right (when /i > 0) or left (when i < 0) of the graph of y = f{x) as

(r, 1)

y (x+ h,y)

sinee il (i, y) is on the graph of i = f(x) then {4k, 1) is on the graph of y = f(x—h).

Translation: The graph of

y = fle—=h)+k

is translation of /i units horizontally

and & units vertically of the graph of y = f(x) as

(z,9) = (& + by + k)

since if (r,y) is on the graph of y = f(z) then (z + b,y + k) is on the graph of
y=fle=h)+ k.

The following are translations of the graph of y = /z.

LI 4y ] Ho HHHHA
|| | |6] + ¥ | LI
e | i f—| ot y=vx+3+

P | | | ' 1 {1 &
P I'i [ :i {!\' 4
LT (2,3) ] 1133y -
NN i
REREEE NN
Wcacaes
- i e
P=Jr4+5-3 |

Reflections

We will consider three types of rellections:

y-axis and reflection on the origin.

reflection on the z-axis, reflection on the

Reflection on the z-axis: The graph of l}_;;_—_j:(_:ﬁ ] is the reflection on the
x-axis of the graph of y = f(x) as N

(zy) =iz ~y)

since il (x, ) is on the graph of 4 = f(x) then (2, —y) is on the graph ol y = — f(x).

|
=

*
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Reflection on the y-axis: The graph of| y = f {—Tn}_J is the rellection on the y-axis
of the graph of y = f(x) as
(x,y) = (—=,¥)
since il (x,y) is on the graph of y = f(z) then (—2,y) is on the graph of y = f{—=).

Reflection on the origin: The graph of Ei—il is the reflection on the
origin of the graph of y = f(x) as
(e, ) = (=2, —y)
since il (. y) is on the graph of y = f(x) then (-2, —y) is on the graph ol y = — f(—2).
For the graph of y = V& — 3+ 2,
e reflection on the z-axis is the graph of y = —y/2 - 3 -2
e reflection on the y-axis is the graph of 4 = /=2 — 3 + 2

e rellection on Lhe origin is the graphool y = —/—2—3 -2

S LT T T
' |

R T

Note that for the graph of the function y = f(x), the reflection on the origin can
be seen as 2-step transformation as follows:

y= ) Sy = — fa) Sy = — ()

AT T o -ieis

or

u=J(z) 5 y = f(-0) Ty = — f(-m)

00 e ks 1) Texis
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From the graph of y = /z, using translations and reflections,

o the graph of y = —y/z — 3 — 2 can be obtained as follows:

\/E f(=-3) svE=3 =flz-3) ; —
translation {h = 3.k = 0) reflection on r-nxis
~f(z—3) -2 Y o R
Py e e
ry | | |
61 L1 N
| | |_
4 y=+x [0.3]023)
7 W I e 5 o i
2 ' 31
— L y= _1'—3[__-
= 1 11 lsl
B2 16| 811012 x
=3
3N LTl
_i';' An=uy __|{I2'—3').__
I __|_| _JI_- R &
d-6-y=—Jx-3-2(12,-5)]
a4 NN AT
or
Vg —Jesit L, gy I, r-3-2
translation (h =3,k = 2) reflection on z-axis
y=x-3 + 2
A = EER
2}, 2), —(9,3 |
=X
E u | X
ol 2146 8]10]12
1.1 6.2
'|'
|3 y=—r-3-2
AT LTy
oar
-f= —fle-3)-2 =
ﬁrd’lncutmmmh ﬁtﬂmhllnn{h:ﬂ.ln—ﬂf AR
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Jy LTI T T
(ERAEREEE
| i

=

e the graph of y = =2 — 3 4 2 can be obtained as

JT - Hr—3)+2 .#\f.:f!_—'-j'l‘g ”_:_:”-r.z-}m-l-?

transiation (k= 3,k = 2) reflection on genxis

i
|
| |
i
| ; ;
~
_ -
I (-3,
S [ ||
1=12]-10] -8 [ -6 |4 [
Even functions: [ [.r) f(—x) J then the function f is called an even

Fuuct.mu S0 the graph of an even function is symmetric wnh respect Lo the y-axis.
f(x) = x* is an even Munction, because f(—x) = (-z)? = 2 = f(r).

Odd functions: rf[.r] —f{—: | then the function f is called an odd
function. So the graph of an odd Tunction is symmetric with respect 1o the origin.
f(x) = & is an odd function, because — f(—z) = —(—2)* = —(—) = &% = f(x).

Scalings

Vertieal scalings and horizontal scalings of the graphs of the function y = f(z) are
considered in this section.
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Vertical scaling: For p > 0, the graph of | y = pf(z) |is the vertical scaling of
the graph of y = f(x) us
(=,4) = (z.2v)

since if (i, y) is on the graph of y = f(x) then (z, py) is on the graph of y = pf(x).

When () < p < 1, the graph of the function y = pf(x) can be seen as
puints ou the graph of y = f(z) move nearer vertically by scale factor
p to the z-axis.

When p > 1, the graph of the function ¥y = pf(x) can be seen as
points on the graph of y = f(x) move away verlically by scale factor
p from the z-axis.

The following figures show vertically scaling graphs of the functions y = |z and
y=—lzl.

‘,h_'_‘,;_.'__..' )

WS
| ———
=

e —

-4

e |

I
°
.
Tt
=
-
—

Note that from the graph of y = f(x), the graph of y = —pf(x),p > 0 can be
obtained as

y = J(x) —?—?ﬂ y=—J(x) %’2:} y = —pf(x)

-nxis

ur
verticn] scalin reflection

= pf(x) . v=-vl(z)

y = f(x)

srale factor

3]
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Horizontal scaling: For ¢ > 0, the graph of | y = f(gz) |is the horizontal scaling
of the graph of y = f(x) as

(z,y) = (%x.yl

1
gince if (x,y) is on the graph of y = f(x) then {.:-Iz:,y] is on the graph of y = f(qz).

When 0 < g < 1, the graph of the function y = f(qx) can be seen
as points on the graph of y = f(x) move away horizontally by scale

factor é from the y-axis.

When g > 1, the graph of the function ¥ = f(gx) can be seen as
points on the graph of y = f(x) move nearer horizontally by scale

factor ;} to the y-axis.

The following igures show horizontally scallng graphs of the function y = 2* + 2.
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B B 6 e 6 el o [F
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Note that from the graph of y = f(x), the graph of y = f(—qx),q > 0 can be
obtained as

ru!lertlun

horteontal sealing
———
seale facto

y=[l=)— y=f(-z) y = f(—qz)

!

ar

= f(z) ﬁ“ﬂ—"» y = flaz) S0 y = f(~02)

scale factor

The graph of y = af(bz + ¢) + d is combining all transformations—translation,
reflection, and scaling, of the graph of y = f(z) as

(,9) > (Glz = )y +)

since if (z,y) is on the graph of y = f(z) then (%{x — ¢),ay + d) is on the graph of
y=af(bz 4+ c) +d.

Example 1.
From the function y = f(x),
(a) find the step-by-step transformation of y = f(3z —3) + 2.

(b) If the point (z,y) is on the graph of y = f(z), then find the respective point on
the graph of y = f(3z — 3) + 2.

(c) Hence if f(z) =z+1, 0 <z < 3, then draw step-by-step transformation graphs
to get the graph of y = f(3z — 3) + 2.

atson. lntia horkzontal scaliy
() y=/z) o - f :s;-:-:ﬁ;:—f[a:-:n-+-z
AL 3
x—3)+2 : Jj3z-3)+2 T+3 :
®) (@) T2 @43,y +2) 5 ()

() flx)=z+1,0<5z<3
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Example 2.
From the function y = f(z),

(a) find the step-by-step transformation of y = f[-—%m +3) -2

(b) If the point (x,y) is on the graph of y = f(z), then find the respective point on
1
the graph of y = f[—Er +3) -2

(¢) Hence if f(x) =l z*, then draw step-by-step transformation graphs to get the
graph of y = (—Ez +3) -2

Solution ;
translation . horizontal sealin 1
a = fHgxg)] —m———— % iy N N 2 —!}.- — T3y -2
(®) v "r“n=—a.k=-2 b b V=g -’
roflection ; |
I} = —=r+3)—2
on y-axis d I 2 ]

gy
] gy BRI g g gy JRTHIY

(2(z —3),y — 2)
-}z +3)-2
e

(—2(x-3),y—2)
(c)

. VA |

- e m—————
T [

— kL L)

|
-k
|

Example 3.
Starting, from the graph of f(z) = Yz, -8 <z <8,

(a) draw step-by-step transformation graphs to get the graph of
J(z) =3¢ -2z + 12 - 2.

(b) Check your answer by finding the respective points on the graph of
f(z) = 3¥/=2r+12 — 2 for the points (0,0),(8,2), (-8, —2) on the graph of
fz) = V.

-
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Solution
(H.} ﬁm\-.-, | |.MJ: 1}@1}\*;_1’-_!_ ]2
3f(~2x412) 3T T3 3f(-2x+12)-2 e
LTI T eI PT Ry SFCANEARE N
| — | i {@ S R 1
BN 1 la _(@_@:;_‘} ud R
+H L@ RN @
WL =T TRl 1(8,2) | |
ot ‘i i
T . IIEAERLR 8 | 107
- 2.1 L, -2k o] |
) . LY ol 4
Nt H ___\‘_\ r
0 O O i 1} ; ...\.“‘m.
L e ], e
| T | L e 1
(b) (0,0) 2=, flz+12) (—12,0) L2412, J(2x412) Lot 6 o) f(~25+12) (6,0) 3/(~22412) (6,0)
3f(~22412)~2 (6,-2)
(8, 2} Slz+12) (_412) J(2e+13) (_2‘2) f(-2z412) b (2,2) 3)'{—?:-{-12}} (2,6]
3f(~2x412)-2 (2.4)
(ol B v . iy VSRR, s 5 gy SRR AL G 9
af{—2r+12) (10, 6) Af(~22412) -2 (10, —8)

Exercise 3.1

1. From the function y = f(z), find step-by-step transformation of
1
(a) y=2f(z-3)+2 (b) y = f(-2x+3) -2 (C]y=—3f(51‘—2)+1

1
2. From the function y = = find step-by-step transformation of
2
x--1

@y=—s+3  (b)y=

) y=-z—5+8
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3. Let y = f(z) be a given function. Match the following transformations to
corresponding expressions. '

(a) y= flz+3) i. horizontal scaling with scale factor 3
(b) y= f(z)+3 ii. 3 units vertical translation
(c) y= f(—=x) iii. vertical scaling with scale factor 3
(d) y=—-S(z) iv. —3 units horizontal translation
(e) y = f(3z) v. reflection on y-axis
() y=35(z) vi. reflection on z-axis

1 1
(&) y=3/(2) vii. vertical scaling with scale factor o
(h) y=1 (%z} viii. horizontal scaling with scale factor é

4. Starting from the graph of f(z) = z°,-2 < z < 2, draw step-by-step
transformation graphs to get the graph of f(z) = —2(%: —1)* + 2. Check your

answer by finding the respective points on the graph of f(z) = —2{%:1‘ -1P+2
for the points (0,0),(2,8),(—2,—8) on the graph of f(z) = 2°.

5. The following figure shows the graph of a function y = f(z).

Draw step-by-step Lransformation graphs to get the graph of
1
@Wy=5/-9+1  (b)y=f(-22+1)-2

(c)v= 2;(%: -2)+2  (dy=-2f(2z-1)—1
Check the answers by finding the respective points on the graphs of above
transformations for the points A(—5,—2), B(—1,2),C(3,2) and D(5,4) on the
given graph of y = f(z).

6. Determine the following [unctions are even or odd or neither or both.
(a) y=2° -2z M y=322+2 ()y=0 (dy=1
(e)y=2zr—1 () y=3|z| - 2 By=vV-=2-=z
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Chapter 4

Sequences and Series

In this chapter we introduce to the notion of a sequence and its related series. Then you
will learn a particular types of sequence known as arithmetic progression, geometric
progression and corresponding series.

4.1 Introduction to Sequences and Series

Basically, a sequence is a list of numbers placed in a specified order. The numbers
in the sequence are called the terms. For example, 3,6,9,12,15,... is a sequence in
which the first term is 3, the second term is 6, and so on.

Sequence

A sequence is a function whose domain is a set of natural numbers or some subsets
of the type {1,2,3,...,k} and the numbers in the range of function are called the
terms of a sequence,

Sequences are writlen in subscript notation instead of function notation
and the subseripts denote the position of the term. We use the notation wu,, instead of
u(n) for the value of the function corresponding to the number n of the domain. For
example, let domain A = {1,2,3,4,5,6} and if we define u, = 2n, then the range of
the function is {2,4, 6,8, 10,12}.

Domain = 1 2 3 4 h 6
Range ey 2 4 G 8 10 12
+ T T
1st term  2nd term last term

Here u; = 2,u3 = 4,u3 = 6,uy = 8,15 = 10,15 = 12,
Then we get the sequence 2, 4, 6, 8, 10, 12.
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[u,. denotes the nth term or general term of a given sequence.

A sequence containing finite number of terms is called a finite sequence, otherwise
it is called an infinite sequence. Here are some examples of finite sequences:
I 11 1

i 20 i) = Pl T et ey iii l! sy Fyaeey

(i) 4,8,12,16,20,24 (i) 2168 10 (iii) 1,3,5,7 29
The followings are some examples of infinite sequences:

(i) 1,4,9,16,25, . .. (ii) 2,1,%, 41 (iii) 1, -2, 4, —8, 16, . ..

Example 1.
Find the first four terms of the sequence whose general term is u,, = 2n + 1.

Solution
U, = 2n+1

y 2x14+1=3
s = 2x241=5
ty = 2x3+1=7
Uy = 2x4+1=9

Hence the first four terms are 3,5, 7, 9.

If we know the general term of a sequence, then we can write down the sequence.
Moreover, we will be able to find any term in the sequence simply by replacing n with
the number that represents the term we want. From the above example, the 10th term
of given sequence is 21, since uyg = 2 x 10+ 1 = 21,

If we know a sufficient number of terms and the terms of sequence have a certain
pattern, we may be able to write a rule for that nth term of the sequence. For example,
consider the sequence 7,11,15,19,23, .. ..

"The sequence may be rewritten as (4 x 1) +3,(4 x2)+3,(4x3)+ 3, (4 x4} +3,. ..
Therefore the nth term rule is u, = 4n + 3.

We may also be able to describe a recursive rule for a sequence by computing term
by term. From the above example, a sequence starts with 7 and each term add 4 to
get the next term. Then u, = 7,

U = u;+4=11
Uy = w+4=15
g = uy+4=19
ur = 1y +4 =123
aud so on. Hence we get the recursive rule w, = w,,_; + 4.

A sequence may also be described by the rule of formation being defined recursively
using one or more of the previous term of the sequence.
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Example 2.

Find the sequence whose first term is 2 and w, = 2u,_, + 1.

Solution
uw = 2
U, = 2up+1
Uz = 211[ +1=5

uz; = 2us+1=11
Uy = 2u3+1=23

and so on. Therefore the required sequence is 2,5,11,23,....

Example 3.

For each sequence describe the pattern and write a rule for the nth term.
: 111 ..

(i) 1.-2—.5,3,... (ii) 2,6,12,20,...

Solution

3
141

G| =

(i) The sequence may be rewritten as %, %

, 1
ol = —

n
(ii) The sequence may be rewritten as 1 x (14+1),2x (2+1),3x (3+1),dx (4+1),...
Sty = n(n+ 1),

Notice that if the first few terms of a sequence are given, then it cannot be
sure that the sequence will continue on forever with the same pattern. For example,
consider the sequence 2, 4, 8, ..

There may be u, =2 oru, =n* —n + 2.

Hence if the first few terms only are given, then there may be many rules for the nth
term of the sequence.

Series

The indicated sum wu; + up + ug + ... + u, + ... of the terms in a sequence

Up, Uz, Uy e ooy Uny. ..

is called a series. A series can be finite or infinite. For example, given a finite
sequence:

9, 7,9, 11,...,2n + 3, we may form aseries5 + 7+ 9+ 11 + ... + (2n + 3).
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(]

Exercise 4.1

. Find the first four terms of the sequences given by the rule of formation

(@) uy,=n+1 (b) u, =n®
(c) uy =n*—1 (d) 1 =n(n+1)
(€) = ()" 0 va= 2

Write down the next two terms of each of the following sequences and determine
the nth term of each sequence.

(a) 1,5,9,13,... {5)4, 71528,
1.3
(C:I —1,—-—3, —27, —'54,”. {d} 5.1,5,2,...
1 V3 3 3/3
al a 1gl & ¥ = '121_181241.--
(e) 3973 2 (f) —6

In each case below an initial term and a recursion formula are given. Find u,.

(a}u'l:zr Up =Up-1 — T
(b) uy =5, Up = 4y
(c) v =1, Up = tp) +9(n+1)

(d)ug =—3, tp=2up+5

. (a) Write down the first four terms of the sequence defined by u, =5n + 2.

(b) Which term of the sequence is 2477

(a) Write down the first four terms of the sequence defined by u, = 2" — 1.
(b) Which term of the sequence is 10237

A culture of bacteria doubles in number every hour. I there were originally ten
bacteria in the culture, how many will there be after two hours? Four hours? n
hours?

A boy begins training by running 5m on first day. The second day he runs a total
of 8m. The third day he runs a total of 11m and so on in the same increasing
pattern. How far will he run in the nth day?
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4.2 Arithmetic Progression (A.P.)

An Arithmetic progression or Arithmetic sequence is a sequenee in whieh the
dillerence hetween any Lwo consecutive terms is constant. This constant is called the
common difference of the progression and it is denoted by . For example, the
following sequences are arithmetic progressions;

a2

|
14.6.9.12 ... ) Tesis, s
(i) 4.6.9,12, (i) 1 555

1
3

The common dilference for (i) is 3 and Tor (i) is ~F
1
SINee e — ) = g — Uy = ty — Uy = ... = Uppy — Uy =...=d, il we denole v, = a,

then
ttg =)+t =t + o

gy =tp+d=a+dtd=u+2d
uy=ugt+d=a+2d+d=a+3d

tin = iy 4+ = o + 3+ d = 0+ Ad and 50 on.

In general, the n' term of an AT, is given by

[11" =u+(n— l]r1|

where a is the hirst term and o is the common difference,
Example 4.

Find the 25" term of the following arithmetic progressions:
B |

|
4.7 1088 o (ii) L“:’."“: i -1,...
Solution
(i) Iy the AP 4,7, 10,13, ...

n=4d=3.n=25
tys = 0+ 2l =44+ 72 =70
Therelore the 25" Lerm is 76.

(ii) In the AT l.é.lf!,—%,—l....

a=1ld=—-=.n=120
' 2

H;m:H—l-!"lﬂ‘ = | —12=-11I

Therefore the 25 term is —11.
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Example 5.

The first three terms of an arithmetic progression are z + 5,3z — 5, and 22 — 3
respectively, Find the mmmerical value of = and the 10th term of the progression.

Solution
In the A.P. = + 5,3z — 5,2¢ — 3,
(32 —5)—(x+5) = (2z-3)— (3z-5)
2r—-10 = —x42
T = 4

Hence the sequence is 9, 7, 5, .. ..
a=9d=-2
upy=a+%d=9-18=-9

Therefore the 10th term is —9.

Example 6.

The eighth term of an arithmetic progression is three times the third term and the
twenticth term is 78. Find the first five terms of this progression.

Solution

g = Juy
@+ Td = 3(e + 2d)
Sodi=2; (1)
Since U = T8,
a+ 19d = 78
i+ 38a = T8
a=2

Substitute a = 2 in equation (1), we get d = 4.
Therefore the first five terms of the A.P. are 2,6, 10, 14, 18.

Example 7.

How many terms are there in the arithmetic progression whose first term is 8, common
difference 9 and the last term is 890.

Solution
a=8, d =14
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Lel n be the number of terms.
u, = &0

a+(n—1)d = 890
8+(n—1)0 = 890
On — 801

n =9

Therefore there are 99 terms in the given A.P.

Example 8.

Find the first 5 terms of A.P. given that the first term is 11 and the last term is —1.

Solution
L1, zy,®2,23, —1 is an A.P. with e = 11, ugz = —1.
Satdd = -1
114+4d = -1
dd = -12
d = -3

B = T = dry=2
Hence the arithmetic progression is 11,8,5,2, —1.
Arithmetic Mean (A.M.)

[u a finite arithmetie progression,

the arithmetic mean of two numbers = and y = E—}E

x4y . \ , ;
Then z, —p 1y iEan arithmetic progression.

Exercise 4.2

1. In each of the following A.P. find
(a) the common difference  (b) the 10th term  (¢) the nth term.

. 5211
i) 1,3,5,7,... R ol
(i) -Jl : (ii) 5357
(iii) 1,25,4,53,... (iv) 11, 8,5, 2, ...

43




CGrade 11 Mathematics Text Book

2. How many terms are there in cach of the following AL

(n) 2,4,6,8,...,H (h) I8 138, ..., 102
3. For a given sequence in which vy = =2 and w,, = w,_y + 3. lor u 2 2. Find a, w

terms of poand henee ealeulate the 2015 torm.

4. The first four terms of an AP, are 3,0 =y, 20+ ¢+ 3,0 = 3y Find
(a) the values of x awd g
(b)Y the nmerieal value of the 10th term of the ALP.

5. 10 the first, eighth and last terms of an AP arve 4, 32 and 400 respectively, lind
Lhe mber of terms of the AP,

. The first row in a wovie theater has 15 scats. Each subsequent row has 2 seals
more than the row in front of it [T the nst row has 55 seats, how many rows are
there?

The eighth term of an AP, is 38 and the sixteenth term is 118, Which term has
the vilue 4587

=I

B. The sixth term of an A is 32 while the 10™ term is 48, Find the common
dilference and the 21* term.

0, The four angles of a guadrilateral are in an AP Given that the value of the
largest angle is three times the value of the smallest angle, find the values of all
lour angles.

10, Find the o™ term of the AL whose third term is 15 and the 8% terin exceeds
the 4™ term by 12,

11. An AP contains 25 terms. If the first terin is 15 and the last term is 111 find
the middle term.

T i \
2101 the o' term of an AR Biql—l is equal to the nth term of an AP

o]

I I
IS7. 184~ 181=,.... lind n.
1 >

-4 .
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4.3 Arithmetic Series

The s of the terms in an arithmetic progression is called an arithmetic series.
Here are some arithmetic progression and their corresponding series.

!_MH-IH prmrnh\amn !rmuhmmu series B
4. 7, 10. Li ”} 47+ ]“l l!l’r [{J
e 1 1 2—1,
532 B st

To develop a formula for the s of the first w terms of an arithmetic progression,
consider the series helow.

Let ey, ny, ng, ... iy, ... he given AP
Let S, denote the sum of the fist i terms of the AP Then

S, =y tustug+...4uy+u,

S, = ty 4 (o) + (g +2d) 4 (g + (0= 2)d) -+ (g -+ (00— 1)) (1)
Writing the A.P. in the reversed order of terms, we have

S = tiy (g —d) 4 (g = 2e) 4. . .+ (10, — (= 2)d) + (a2, — (1 — 1)dd) (2)
Adding equations(1) and (2), we have

28 = ‘[Hi 4 ttn) + (g + 1) + (i + ) + oo+ (g ) + (i + ui,l

-~
n Liacs

= “{"l + 1"'"]
5 = :;(nr,. 4 ity ) (3)

Substitute #, = g and u, = a+ (2 — 1)d in cquation (3). we have
I .
8= g—{u 4+ 4 (n — 1)d}

S, = o{2a -+ (n— 1))

Il we l.m['n;..* il.u-' first 1 ﬁl'?tl_-r-r_ and the :':)-illlllull rliffum.m:n el of u; AP then ]

5, = ;;-{2" + (n — L)d}.

-II.' w:.-'knuw ﬁﬁ'_'ﬁ.;st term a and last term 1 ol an AL, then

S, = g(::+l].

1]
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Since S, =uj+uptuy+...+u,_; +u,,

ifn=1, & =u

ifn=2 S;=u+u,

ifn=3, Si=u+u+u

ifn=4, Si=u +uy+ug+ny

and so on. From the above equations we may get the following relations:

u =o
u =5 — 5
u3=.5'3—33

Uy = S,g —33: and so on.
From these relations we get the general term as follows:

U, = S, - 5,“—1:- forn>2

Example 9.

Find the sum of the first 16 positive odd integers.

Solution
1, 3, 5, ... are positive odd integers.

Thesum = 14+3+5+74+9+11+... to 16 terms. It is an arithmetic series with
a=1, d=2, n=16.

S = g{zw (n - 1)d)

Sie = ?{u(m—;}z}
= 8§x32
= 256,

Example 10.

Find the sum of all two-digit numbers which are divisible by 3.

Solution
Two-digit numbers which are divisible by 3 are 12, 15, 18, . .., 99,
a=12, d=3
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Let n be the number of terms.

S Ad=u, = 99
124+ (n—1)3 = 99
(n-1)3 = 87
n—-1 = 29

n = J0.

30
The required sum is Sy = 3—2{{u + 1) = 15(12 + 99) = 1665.

Example 11.

If the third term of an A.P, is 5, find the sum of the first five terms of the A.P. Given
that the tenth term is 33. Find the first term and the common difference of the A.P.

Solution .
Ug = 9
sat2d = 5 (1)
5
So = {20+4d}=5(a+2d) =5x5=25
Since g = 33,
a+9d =33 (2)

Solving equations (1) and (2), weget d =4, a=-3.

Example 12.
In an arithmetic progression 44, 40, 36, ...
(a) find the sum to first 12 {erns.
(b) find the sum from 13* term to 25*" term.

Solution
a=44, d=—4

@) Si2 = 2 12(44) + (11)(~4)} =261

(b) Let. S be the required sum. Then

S - Szr, - S]-‘z.
Sas = 325{2(44} + (25 — 1)(=4)} = —100.

S8 = —100 — 264 = —364.
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Example 13,
An arithmetic series has the sunn of the brst ten terms is hall of the sum of the next

en tevis and the 12 term is — 15, liond the Grst fowe terms of Lhe series, .

Solution

, ;
bm - —) {"3'}“ - blll]
2".;! g - hr'._"” = ‘L-;I"
351 = Sm
: 1l 20 .
dx ?{zu—l—ﬂn‘} = F{Ju—{- 19:1}
G + 27 = e -+ 38d

220 = (1)
Since iy = — 1D,
n+ 11d = =15 (2)
By solving equations (1) and (2). we pet
1]
i=-5 = T
m ; 9 B
I'herefore the first four terms of the AL, are —5. —51—1-, —b—l—l. _Tﬁ'

Example 14.

A civenlar dise s divided into 0 sectors sach that the angles of the sectors form an
aritlunetic progression, 1T the smallest angle is 200 and the hugest angle is 407,
ealeulate .

Solution
a=208, f=40°, 8§, = W)°

= "
'-‘J'n e 5{” + ”
gy 0 JJ (i} n
007 = —--[Ei] i 40 ]
2
e = 360°
S o= 12
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Example 15.

1f n is a positive integer, show that the sum of the A.P. 2m+1,2m-+3, 2m+5, ..., 4dm—1
is divisible by 3.

Solution
a=2m+ 1, d=2m+3) - 2m +1) =2
Let n be the number of terms.

SAd=uy=4m -1

2m+1+{n-1)2=4dm—1

2m+1+2n—2=4m-1
Tm=m

= 5+

S’ﬂ
T
S = 5{(27” + 1)+ (4m —1)}

m
= 5 (6m)

= 3m®

Since m is positive integers, the sum is divisible by 3.

o

oy S =

Exercise 4.3

. Find the sum of each of the following arithmetic progressions.

() 5,3,1,—1,... to 18 terms (b) 2, 6, 10, 14, ... to 98 terms
(¢) a—b,a —2b,a — 3b,... to 20 terms (d) —-3,-4,-5,-6,... to 2] terms

_ The third and sixth terms of an A.P. are 13 and 22 respectively. Find the sum

of the first n terms in terms of n.

. Find the sum of all three-digit numbers which are multiples of 12 but not 15.

In a certain A.P, the sum of 35 terms is equal to the sum of the next 15 terms.
Given that the 8th term is 35. Find the first term and common difference.

Find the sum of all even numbers between 71 and 149.
Find the sum of all two-digit natural numbers which are not divisible by 3.

In the arithmetic series 547+ 9+ ..., find the sum of the first n terms and the
value of n for which §,, = 192.

49



Grade 11 Mathematics Text Book

10.

11.

12,

13.

16.

11

18.

19,

20.

21.

oz

How many terms of an A.P. 24, 20, 16, .. . give a sum of U7

In the arithmetic sequence —4, —2,0,2.4, .. .y find the least number of term so
that the sum of the sequence is greater than 300.

The sum of first 5 terms and the sum of first 15 terms of an AP. are 25 and 225
respectively. Find the sum of first n terms.

The sixth term of an A.P. is 22 and the tenth term 15 34. Find the sum to first
16 terms ol the AP,

If the fourth term of an A.P is 9, find the sum of the first 7 terms. Given that
the tenth term is 33, calculate the sum from the 8th term to the 15th term of
that A.P.

The sum of four consecutive numbers in an A.P. is 28. The product of the second
and third numbers exceeds that of the first and fourth numbers by 18. Find the
numbers.

. Inan A P. whose first term is =27, the tenth term is equal to the sum of the first

9 terms. Caleulate the common difference.

. A theater has 30 seats in the first row, 34 seals in the second row, 38 scats in

thre third row, and so on in the same increasing pattern. If 110 seats are in the
last row, how many seats are in the theater?

The sum of the first n terms of an A.P. is 21. The commeon difference is 4 and
the sum of first 2n terms is 78. Find the first term.

Inan AP.5,9,13,17,.. ., find the value of n for which the sum of first 2n terims
will exceed the sum of the first 1 terims by 234,

How many bricks are there in a pile ove brick in thickness, if there are 27 bricks
in the bottom row. 25 in the second row ete., and 1 in the top row?

If there are 256 bricks in a pile arranged in the mamer as in problem 18, how
many bricks are there in the 3rd row from the bottom of the pile?

The sum of the first 4 terms of an A.P. is 26 and the sum of their square is 214,
Find the first 4 terms.

For a certain A.P. S, = g(fiu — 7), caleulate S;, S;, S5, S;. Hence find the first 4
terms of the corresponding sequence and a formula for the nth term.

T,2),r3, ..., 2, —23 is an A.P. The ratio of =,, to zy is =5 : 1. Find the value
of m.
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4.4 Geometric Progression (G.P.)

A Geometric Progression or Geometric Sequence is a sequence in which the
ratio of each term to the one before it is constant. This ratio is ealled the common
ratio and is denoted by r. Here are some examples of geometric progressions

111

i) 3,6,12,24,48,... i) 2.1, =, =, =....
(i) : (ii) 2, 238

o - —
The common ratio for (i) is 2 and for (ii) is 5"

If the first term of a geometric progression is denoted by @, then

. Uy Uy uy TR
=4 Sinee —= —=—=...= =R,
) U, iy Ty
U = wr=ar
Uy = iar= rt.l'l"2
wy = r=ar’
and so on.

[n general, the n*® term of a G.P. is given by

n=|

Uy = 0ar

where a is the first term and r is the conunon ratio.
Example 16.

The second term of a G.P. is 6 and the fifth term is four times the third term. Find
the G.P. in which each term is positive,

Solution
ur = 0
ar = 0 (1)
iy = 4duy
ar' = 4ar?
ar’
a? ~ 1
2= 4
¥ = 42

Since each terin of the G.P. is positive, r = 2.
Substitute r = 2 in equation (1). we get a = 3.
Therefore the geometric progression is 3,6, 12,24, ... .

¥
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Example 17.

In a G.P. whose terms are all positive, the third term exceeds the first term by 24
while the fifth term exceeds the first term by 240. Find the first term.

Solution
Uy — Uy :24, Us — iy = 240.

Thus, ar'—a=240 and ar’—a=24
a(r' —1) =240 and a(r®—-1)=24
a{r? —1)(r? + 1) = 240
24(r? + 1) = 240

r?41=10
r2=9
=23

Since all terms of the G.P. are positive, r = 3.
Substitute r = 3 in a(r* — 1) =24

a(d-1)=24
8a =24
a=3

Therefore the first termn is 3.
Example 18.

The fourth term and last term of a G.P. are 8 and 512 respectively. If the common
ratio is —2, find the number of terms.

Solution
uy = 8, r=-2
ar® =8
a(-2)*=8
a=-1
Let n be the number of terms.
it =512
ar™! = 512
(—-1)(—-2)*! =512
(-2)" = -512 = (-2)*
n—-1=9
n = 10.
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Geometric Mean (G.M.)

In a finite geometric progression,

the geometric mean of two positive numbers = and y is,/7y.

Then z, /7y, v and y, /Ty, T are geometric progressions.

Example 19.

The A.M. between z and y is 20 and the G.M. between them is 16. Find the value of

2 + 2.
Solution
A.M. between x and y = 20
T+y
5 = 20
Lz +y = 40.
G.M. between x and y = 16
VT =16
C.xy = 206.
22 +y? = (¥ + 22y +1°) — 22y
=(z+y) -2y
= 402 — 2(256)
= 1088.

Exercise 4.4

1. Find (a) the common ratio, (b) the 10" term and (c) the n'" term of each of the
following geometric progressions.

22
i Bt R

(iii) 2, 10,50, 250, ... .

() 23,816
R e e |
[w) ﬁ,a,ﬁ‘—?, gi,. .
9. Given that z, 2,y are three terms of an A.P. and 2, z,y are three terms of a G.P.
Find the values of = and y where z # .

3. 1f a number is added to each of the numbers 2, 14 and 50, then the result forms
the first three terms of a geometric progression. Find that the number and the
fifth term of that geometric progression.

4. The second term of a G.P. is 24 and the fifth term is 192. Find the nth term.
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0.

0.

12

13.

16.

17.

18.

19,

The second term of a G.P. is 64 and the fifth term is 27. _Find Lhe first six Lerms
of the G,

163,29, 2,1,3072 is a G.P., find the values of =. Y, =z and w,

. The fourth term of a G.P. is 3 and the sixth term is 147, Find the first 3 terms

of the two possible geometric progressions,

The product of the first 3 terms ol a G.P. is 1 and the product of the third, fourth
. 25 . i
and filfth terms is 11 {,T: Find the fifih term of the G.P.

Find two numbers inserting them between the roots of the equation
x? — 84z + 243 = 0 forms a geometric progression.

M ayb,c,d is a G.P., show that a? — 12,02 — 2,62 — o is ulso o G.P.

- The finite geometric progression has ten terms. The sum of all odd terns is 1023

and the sum of all even terms is 2046. Find the commnon ratio and the Gfth term
of the geometric progression.

The sum of three numbers in G.P. is 112. If we substract 7, 21, 51 [rom these
pumbers in that order, we obtain an A.P. Find the numbers,

The ratio of the sum of the first, second and third terms of geometric progression
to the sum of the third, fourth and fifth terms is 4 : 9. Find the tenth term of

: : 3
the progression if the sixth term is I!']—r.
1

- The length of the sides of a triangle form a C.P. If the shortest, side is 0 em anid

the perimeter is 37 em, find the length of the other two sides,

In a G.P, the product of three conseentive terms is 512. When 8 i5 added to the
first term and 6 Lo the second, then the terms form an AP Find the terms of
the G

Given that 6,2 and y are conseentive terms of a G.I. while a,y amd 36 are
conseeutive ters of an AP, Find & and y.

The ratio of two pesitive numbers is 9:1. If the sum of the arithmetic mean and
geometric mean between the two numbers is 96, find the two numbers,

If the arithmetic mean between = and v is 15 and the geometric mean is 9, fine
& and i,

The sum of the fivst 2 terms of an arithinetic progression is given by
S, = n* 4 2n. If three terms of this PYOZIessIon ta, 1, Uy Are consecutive Lerms
iu 0 geometrie progression, find m.
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4.5 Geometric Series

A geometric series is the sum of the terms in a geometric progression.
Here are some geometrie progressions and the corresponding series.

geomelric progression geomelric series
2,4, 8,16, 32 2444+8+16+ 32
I'1 I T
4,2,1,=.-,. 44+2414-+-+...
SR IVE +24+14 3 = 1 +

Let S, denote the sum of the n terms of the geometric progression
a,ar,ar?, . ar"' where r # 1. Then

Sa=a+ar+ar’+ ...+ ar"! (1)
When equation (1) is multiplied throughout by r, we get
rSy=ar+ar +ar + ...+ ar" (2)

By substracting equation (2) from equation (1), S, — S, = (a — ar®)

5-"=M
|

If we know the first term is a and the common ratio is r, then

—pn .
LS,, = %—:},r # 1| or equivalently, | S, = a—{:—l—jﬂ‘?é 1

Il =1,then S, =g+a+a+...+a=na
l‘llmll‘:l

Example 20.

g

|

Find the sum of Lhe first 6 terms of the G.P. 4,2, 1, %,

Solution

[ ]
n
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Example 21.

Find z if the numbers = + 3,5z — 3 and 7z + 3 are three consecutive terms of a G.P.
of positive numbers. With this value of & and given that & + 3 is the third term of the
G.P., fiud the sum of the first 8 terms of the progression.

Solution
r+3,52—-3 T7r+3isa G.P

Sz -3 Tr+3d
"+3 5x-3
(5z — 3)* = (z + 3)(Tz + 3)

2522 — 30z +9=Tx*+24x + 9
182? — 54z = 0
18x(z ~3) =0
sz2=0o0rz=3

Since the terms of G.P. are positive, z = 3.

7‘_51:—3_1_2_2

T x+3 6
ug=c+3
art=z+3
a(2)=3+3=6

o83

T

3

5&*—1) 3 765

2

-_— == -1) = —.
S » 1 2(256 ) 2
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10.

Exercise 4.5

Find the sum of the first 10 terms for each of the following G.P.

0) 408 1= 7 ¥ L L,

ro | —

If the sum of the first three terms of a G.P. is 21 and the sum of the next three
terms is 168, then find the first term and the common ratio.

In the geometric sequence 2,4, 8, 16,32, ..., find the least number of term so that
the swn of the sequence is greater than 20007

14343243400 43" = 1093, find n.

Jiven a sequence in which uy = 1 and u, = V2 ty_y, for n > 2. Find w, in
terms of i and hence ealculate the sum of the first 12 terms.

The sum of the fourth and sixth terms of a G.P. is 90 and the sum of the seventh
and ninth terms is 2430. Find the sum of the first 17 terms of the G.P.

Given that z + 1.z + 5 and 2z + 4 are three positive consecutive terms of a
geometric progression caleulate the value of x and the sum of the first six terms
of the progression if z + 1 is the third term ol the progression.

The sum of lirst two terms of a geometrie progression is 10 and the third term
exceeds the first term by 15. Find the common ratio and caleulate the sum of
first five terms.

The sum of the first 5 terms of a G.P. is 8 and the sum of the terms from the
fourth to the eighth inclusive is ]538—. Find the common ratio and the sixth term.

The sum of the first four terms of a G.P. is 5 times the sum of the first 2 terms.
If the fifth term is 256, find the values of the eighth term.

4.6 Infinite Geometric Series

An infinite geometric series is the sum of terms in an infinite geometric progression.
If we keep adding terms of an infinite geometric series, the sum becomes increasingly
Jarge and do not approach anywhere, then this series is said to be divergent. If the
sum gets closer and closer to a real number, then we say that series is convergent.
For example, the lollowing graph shows the values of S,, for a geometric series

1

1 1
14+ =+~ + =+ — + -+ with first term u, = 1 and common ratio r = 2

4 8 16

57
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R Sy
n Sy A
3 R e
s s
2 —or 1.5 i
! | ]
4 st .
7 1.4+
f 3 4 1.3+
3 1 or 1.75 21
114
4 or |.875 ozl
0.74
31 aar
D || = oor 19375 A
; 04+
16 0.34
63 0.2+
G ;—Em'],ﬂ(il‘i?ﬁ- 1 SR T
I ) © 12345656 7

From the above lignre, we can see that n hecomes larger and larger, the value of S,
is getting closer and eloser to 2. Thus we say that the series converges Lo 2 and this
series Is convergent,

A geonetric series may converge or diverge depending on the value of common
ratio . To determine this, consider the geomteric progression a.ar,ar art o oand
the sum ol the livst 1 teris

a(l —r) r;-. ar'

op =

l—r l=r 1-7
Case 1. Il [r| < 1 (i.e., =1 < r < 1), then " appronches zero and the value of Sn
" ! . i,
will closer and closer to —— as n gets larger and lnvger. In this case, T is called
. J' — -

s Lo inlinity of G and denoted by 8.

Case 2. If |#] 2 Lthe value of S, does not approach any munber as 1 inereases,
In this case, st 1o infinity cannot be found.

[ty |
[v=
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Example 22.

Determine whether the sum to infinity for each of the following geometric series exists
and find the smn to infinity when they exist.

3 S Wy

(ii i+g+§.|,§g+
273 "9 " ar ™
2 4 8
() 83 + 2 = oo
Solution
0.3

i 5 = 0.1

Corl = 0.1 < 1 and hence the smn to infinity exists.

i 3 10
5= = = —
l—-r 1-01 3
4 2 2 4
Jrax==-
fr=3x7=3
4
= 3 > 1 and hence the sim to infinity does not exist.
2 1 2
i N e
(iii) 3%3 5

2
7| = 3 < 1 and hence the sum to infinity exists.
il 3 7
l—r 2.7 11

Example 23.

|
R . . P ) o g . .
e second term ol a geometrie progression is 16 and the sum to infinity is — 1. Find
the common ratio.

Solution
5]
Uy = ia
iy = 5
S 16
)
“= Tor
S=—1
f1. . ]
1 =1
5
160(1 =1
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—16r+ l6r2 =h
1612 — 16r —5=10
(4r —5)dr+1) =0

dr=95, dr=-]

H— 51 P — ]
Fege By
Since the sum to infinity exists for |r| < 1,
1
T = —:1*.

Example 24.

1 " » . ] 4 U
A geomelric progression is defined by u, = Find S,, and the smallest value of n

EFu
for which the sum of n terms and the sum to infinity differ by less than WLU
Solution
Uy = a:
_ 1 _ 1
i = 5. Uy = g
181
B R -
1 1
o a(l —r*) ﬁ“ —(E}") B 1“ B i]
A T T
and
1
,_ w3 1
3_]—: _I_fl_.l
5—8, < E S
n ]U‘[]
1 1 1 1
2 73 ) < T
| & 1
3¢ 50
3 250
3! # 50,3 # 50,3" ¥ 50
But 3! = 81 > 50.

Therelore the smallest value of n is 4.

GO
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Y.

10.

il.

. Three consecutive terms of a G.P. are

Exercise 4.6

Find the sum Lo infinity of each of the following geometric series,

11 4 8 16
(1) 301 g o i (ii;ﬂ+§+§+2—;+
LT . 187 108 e
f!ll]i—i-d—l-?"r‘d?f'" (iv) 81 —-274+9-3+-

Determine the values of x, so that the sum to infinity of geometric series

5 5 . ;
5+ ,—}{:c 1)+ lz 1)+ - exsts.

3. The second term of a G.P. is 2 and its sum to infinity is 9. Find the sum of the

first 4 terms of the two possible geometric progressions.

! 1 1

| T 3 2,
(ii) the sum to infinity if the first term of the G.P. is 3.

Find (i) the value of x

. The sum of the first three terms of a G.P. is 27 and the sum of the fourth, hifth

and sixth terms is —1. Find the common ratio and the sum to infinity of the

G.P.

In a G.P. the ratio of the sum of the first 3 terms to the sum to infinity of the
G.P. is 19:27. Find the common ratio.

In a G.P., the first term is 16 and the sumn to infinity is 24. Given that each
of the terms in the progression is squared to form a new G.P., find the sum 1o
infinity of the new G.I.

Ciiven that = + 18,2 + 4 and x — 8 are the frst three terms of a G.P., find the
value of z. Hence, find
(i) the common ratio (ii) the Afth term (iii) the sum to infinity.

The first term of a G.P. exceeds the second term by 2 and the sum to infinity is
50. Find the first term and the common ratio.

Find the smallest value of n for which the sum to n terms and the sum to infinity

of a GP. is 1, é, .+« differ by less than ——
J

25 1000

’ \ ) 4
The first and fourth terms of a geometric progression are 12 and —— respectively.

(i) Find the sum of the first n term of the progression. (ii) Find the sum to
infinity of the progression.

61
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Chapter 5

Matrices

The terin Matrix was introduced by the 19th-century English Mathematician James
Joseph Sylvester. It did not long before mathematicians realised that matrices are a
convenient device for extending the common notions of numbers. Sir William Rowan
Hamilton and Arthur Caylay made further contributions to the theory of matrices.
It was the latest way to solve the system of linear equations. It is undoubtedly the
most powerful tool in mathematics. The theory of matrices is, in the main, a part of
algebra. It becomes clear that matrices posessed a utility that extended beyond the
domain of algebra and into other regions of mathematics. Matrices are used in wide
applications in engineering, physics, economics, and statistics as well as in various
branches of mathematics.

5.1 Matrix Notation and Definitions

A matrix is a rectangular array of numbers wrranged in rows and colmnns enclosed
by a round or square bracket. The rows of a matrix are the arrays of numbers that
go across the page. The columns are those that go down the page. In a common
notation, capital letters are usually used Lo represent matrices, and the corresponding
small letter with a double subscript deseribes an element of the matrix. The element,
@, located in the «* row and 7'® column of the matrix A, is a sealar quantity or a
single valued expression. The order or dimensions of a matrix is given by the munber
of rows followed by the number of columns.
In general, A matrix A of order m x n ean be written as

1 12 i wer eee MLy

fia) @y ... ... ... fl3g,
A= ; : w3 . .

el @p2 i wee e Bypn
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Here ayy, ayg, 043,19, oo ... are called the elements or entries of the matrix. Iy this
malrix, ayy refers to the element in row 1, column 3 of matrix A.

A matrix A which has order 7 x 0 is writlen as
A = (0ij)mwn Where i =1, 2,3, ... .. ., m
F="Ld Bysrn s wfi
and ay; is the element in row i and column §.
An g % nomatrix has mm rows and n columns.
m x n specifies the order of o matrix.,

For example:
2 4 8B =1

A= 1167 -9 isa3 x4 matrix. In this matrix, tty refers to the element in
1 o 3 -5

row 2. eolumm 3, which is the muuber 7.

A matrix which has only one row is called a row matrix.
For example:

B=(9 10 1t 8)
2 has 1 row and 4 columnps, B is a row matrix of order 1 x 4.

A matrix which has only one column is ealled a column matrix.
For example:

C has 3 rows and 1 cohmnn. C s a column matrix of order 3 x 1.

An ordinary ninnber can be regurded as a1 x 1 matrix.
FFor example:
Joean be thought of as the matrix (3).

A matrix which las the same mamber of vows and columms is ealled a square
matrix.
IFor example:

325
D=|6G 1 4
4 0 2

o A L x n matrix which has exnetly one row is ealled a row matrix.
e Anm x| matrix which has exactly one column is called o colimn matrix,
o Al nox n mabrix is a square matrix of order n.

Note;
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You have been using matrices for many years without realising it. Here you may
learn how the data values represent in the matrix.

This table shows the number of Small(S), Medinm(M) and Large(L) T-Shiris on
sale at an online shop.

Small(S) | Medinm(M) | Large( IE
Blue(B) 1 2 9
Red(R) 2 4 6
“White(W) 1 0 7

We can write this table as matrix by extracting the numbers and placing them in round
or square bracket. Malrices help organize information.

S M L
g f1 25 1 2 3
R [2 3 6], simply 2 36
w \d 07 4 07

If the columns of this matrix represent sizes (Small, Medium, Large) and the rows
represent colours (Blue, Red, White), then 7 represents the munber of White T-Shirt
in Large size.

Matrix Equality
Two matrices are equal if they have the same order and their corvesponding entries
are equal,

Suppose two matrices be A=(a;;) and B=(b;).
A=B & a;; =bforalli,j

For example, if ¢ o = 1 < thena=10=2,c=3andd= 4.
1 ¢ 3 4

Two matrices cannot be equal unless they have the sane order,

Thus (i g) % (i)‘ ginee their orders are different.

Example 1.
What are the values of & and ¥ in the matrix equation?
(12 u) _ (3:;,- n-)
2y 9 G 9
Solution

12 0\ _ (3« 0O
(21; !J) o (ﬁ 9
By matrix equality, 3z = 12 and 2y = 6.
Therefore 2 = 4 and y = 3.
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Example 2.

Find x and y in this matrix equation (:r ¥ !l') = (4) "
Solution

()= )

z+y=4 .. < (1)

r—9=0 .. « (2
Adding (1) and (2), we get 2z = 10.
50 r = 5 and hence y = —1.

Transpose of a Matrix

Let A be a matrix of order m x n. A matrix of order n x m whose rows are columms
and whose columns are rows of A is called the transpose of A and is denoted by AT
(read as A transpose).

L & 135
From a given matrix, A= |3 4], then AT = (2 4 ﬁ).
5 6

Exercise 5.1

1. Determine the order of the following matrices.

a b c
(a) (2 01 3) (b) (?) (c) (_21 :) (d) (d ;: f)
g h 1

2. Answer questions (a) to (d) for the matrix

1 47 10
25 8 11
269 12

(a) State (i) the number of rows (ii) the number of columns.
(b) List the elements in the second row.

(¢) List the elements in the third column.

(d) Write down the entry in the third row and fourth column.

3. For each of the following matrices, state the order of matrix and the entry in the
second row and first column.

w(s¥) oG Te7) oGy @ ()

4. Write down examples of matrices with numerical elements arranged in
(n) 1 row and 3 columns  (b) 2 rows and 3 columns
(c) 3 rows and 2 columns  (d) 5 rows and 2 columns.

G5
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5. Ma Ma goes shopping at a store to buy 2 loaves of bread at 1800 kyats for each, 3
liters of milk at 1200 kyats per liter, and 1 tub of butter at 2200 kyats. Represent
the quantities purchased in a row matrix, and the costs per each quantity in a
column matrix,

6. What is the order of each matrix? List any equalities for pairs of the following

m;t“;icﬁ" 2 3) B=(1 2) Cc=(12 3)

D=, ﬁ) E=(3 2 1) F=(f)

o3 () ()

1=(5) k(3 =)
7. Find x and y if:

om0 m(E)-0) 0 2-(4h 5

|4 —
8. Let P= (—TE ;) and Q = (g _g) Find z and y, given that P = Q7.

9. Il‘Bm("3 2 4 “’),ﬁnd (BT)".

—4 1345 0

5.2 Matrix Operations

Matrix Addition

To add two matrices, they must have the same order, and add corresponding entries.
For example, in a long holiday, a baker produced some buns, pies and rolls. His
production levels for buns, pies and rolls in dozen are given by the matrix:

Sun  Mon Sat.
buns /60 a5 45
pies| 50 20 35
rolls \ 40 30 25

Some newly ordered items have added to bake. 30 buns, 20 pies, and 15 rolls must be
added to the production levels of each day. His new order is given by the matrix:

30 30 30
20 20 20
15 15 15
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Clearly, a baker produced in total:

60 55 45 30 30 30 60+30 55+30 45+ 30 60 85 75
50 20 35|+ |20 20 20 = |50+20 20420 35+20) = |70 40 55

40 30 25 15 15 15 40+ 15 30+15 25+ 15 55 45 40

e We can only add matrices of the same orders.
Note: | ® The resultant matrix is also a same order.
¢ We add corresponding entries.

A + B = (a;;) + (bz) = (ay + by)

Example 3.

1§ 2 5
IfpP= (_2 4),Q=(l 8),ﬁndP+Q.
Solution pra=(-1 (28 _(-1+2 645\ _(1 n
“\-2 ¢/t 8)T\2+1 448) 71 12

Zero Matrix
A zero matrix is a matrix whose elements are all zero. It is denoted by O.

For example, O = (g g) is the 2x2 zero matrix, and O = (g g g) is the 2x3 zero
matrix.
Example 4.

. 00 _fa b
Given that O = ([] D) mtd;’l—(c d)'
Show that O+ A=A+ 0= A.

Solution
00 a b a b
O+A_(G ﬂ)+(c d)—(c d)_A
a b 00 a b
A+O=(c d)+(i} ﬂ)=(c d)=’*‘

Therefore O+ A=A+ 0 = A.

Note: | The zero matrix is the identity element for addition of matrices.

Example 5.

Given that A = (f '2) and B = (:42 :g),ﬁndA+Bn.ndﬁ+Aa.ndhenoeshow

that A+ B=B+A=0.
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_ 28y, -2 -8\ _ {0 oY _
, AFE = (4 5)'*(-4 -5)“(0 u)‘o
=5 LB 2 3 0 0
B+d = (—d— —5)+(4 5)‘({1 n):o

Hence A+ B=B+A=0.

The example provides us with some ideas about the negative of a matrix.

Each entry in B is the negative of the corresponding entry in A. For this reason, 17 is
called the negative of A and is written —A.

It means that the negative matrix of A = (a;;) is —A = (—ayy).

For example:

wo-(y 7 B)amos=(Fy D 3)-(3 A7)

Since A + (—A) = (-A) + A = O, we can say that
the additive inverse of —A is A that is —(—A) =

Solution

Note:

Example 6.

11 28 _f0 25 (8 29 i
IFA—(d 5 G)'B_(? 5 1),8—(4 3 7),&11(]1]—(6 3),hnd.

(@ A+B (b)B+A () A+ D
d)B+C () (A+B)+C (HA+(B+C)

Solution
1 23\, /0 25\ (140 242 3+5 1 48
8}k B = (4 5 ﬁ)*(? 3 i)_(d-[—? 543 G-i-l) (11 8 ?)
025\, (123)_ (0+1 242 5+3 1 48
(0] Berar= (7 3 1)*(4 5 ﬁ)“(?-m 345 l+ﬁ)_(]1 8 ?)

(¢) A and D do not have the same order. Hence A + D cannot be operated.
@s+e=(7 5 5)+(537)=Gre 53 147)=(h s &)

(€) {A+B}+C=(l]l : :)"'(3 : 2) = (I]I-:-%l s gig) = (Eﬁ X }Z)
oare+0={q 5 3)+(h & 5)= (e 540 ore)= (i 1t 10
What law for addition of matrices does these resulls suggest? '

The matrix addition is both commutative and associative which are like those of
ordinary number addition.
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Exercise 5.2

1. Perform the following il they are possible, if not, write “not possible”

(1) (1}+(ﬂ) (ii) (9 6)+(7 8) (iii) (ﬁ ;)—[e
1 47 1 00D
w29+ (1) w668 @zl

92 D i
2. For A = (4 l}) ( ) (q ) , is it true that

(A+B)+C=A+(B+C)?

3. Write down the negative of each of the following matrices.
1
_— 5 -8 -4 2 1
(a) (32 (b (g) (c) (4 -?) (d) (3 =] u)

4. Tn ench of the following cases: find the matrix A which satisfies the given equation.

3 —1 10 0 2
wa+()-() oG-
5. Solve each of the following equations for the 2 x 2 matrix X.
-2 1 3 -1 4 =2
wxe(d 5)-(G ) ©G)r-67)
6. Solve the following equation for the 2 x 2 matrix A,

8 1 9 5
T _ e
A (:1 2) - (u s)

5.3 Matrix Multiplication

Scalar Multiplication
The term scalar multiplication refers to the product of a real number and a matrix.
In this case, each entries in the matrix is multiplied by the scalar.

Multiplication of a matrix by a scalar:
If A = (a;;) has order m % 71, and k is a sealar, then we define the
product B = kA by (b;;) = (ka;;). B is also a matrix ol order m x n.

For example:
Suppose in the relrigerator there are '8 cans of coca cola, 4 cans of coffee, and 2 cans

8
of coconut juice. We represent this in matrix form as A = (rl) :
2
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If we doubled cans in the refrigerator, it is reasonable to denote A + A by 24, we have

8 2x8 16
2A=2|4]|=|2x4) =] 8
2 2% 2 4

Notice that to get 24 from A we simply multiply each entry in the matrix 4 by 2.

% x 8 4
Likewise, halving them gives ;A = 2 X 4] =(2]:

3 w2 1
Example 7.

; {21 _ i B s
Given that A = ({1 3 and B = 0 2) Find:
(a) 54 (b) (—1)A (¢) 34 - 2B
Solution

wans(® )-( 2)

o -=0lg )= (5 )

{21\ _(6 3
() 34=3{4 3)=li2 9
i B\ (2 40
28=2p 2)=lo 4
(6 3 2 10y _(6-2 3-10\ (4 -
3’4'25‘(12 9)_(0 4)*(12-0 9—4)‘(12 5)

Note: From the meaning of kA, it readily follows that (i) 04 = O, (ii) kO = O
where O is a zero matrix of suitable order and (iii) (—1)k = (—k).

Example 8.
Solve 5 (‘13 E) -3X =4 (—34 ;) for the 2 x 2 matrix X.
Solution 5(; E) R 4(_34 ;)
(1{; ;g) T (_112ﬁ :-33)
(55 2+ (35 ) -3¢ = (5% o)+ (' %)
(66)--(Z %)
osx - (2 1)
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21 18
—3X = (—3 12)

s - 33 )
- ()
Exercise 5.3

6 9
(8) 24 (b) —34 (c) 1A (d) 24 (e) 04

234\, (123, (-1 0 2 .
pita= (2 )m=( 2 o= (3 D) ome

@) A+B (b) A-C (¢) 24+B (d) 2B-C

iy - (9 ”), fiod:

3. A builder builds a block of 12 identical flats. Each flat is to contain 1 table, 4
chairs, 2 beds, and 1 wardrobe.
1

Let P= ; be the matrix representing the furniture in one flat.

1
In terms of P, what is the matrix representing the furniture in all lats? Evaluate
this matrix.

4. Solve the following equations:
D o))
@ (5)+()-G) @269-C3-C2
5. Solve each of the following equations:
0 m-(0-C9 o u-(E-( 2
@ 2(p 7 3)+x=3( 5 )

) e {2 -2 (5 a _ (b 6
6. ﬂwm]t.]mt.A-—(z 3)’3_(-:: 4) M(|C~(4 d)’

find the values of a, b, c and d if:
(a) 2A+B=C (b) 3A—-2B =4C

2]
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Multiplication of Matrices .

Can we multiply one matrix by another matrix? When we do matrix multiplication?

The matrices can be multiplied when the number of columns in the first matrix is the

same as the number of rows in the second matrix. In fact, we can multiply each entry .
in the 1 x 3 row matrix by the corresponding entry in the 3 x 1 column matrix,

and found the sum of these products as a 1 x | product matrix. Notice that we can

write Lhe row matrix first and the column matrix second.
d

In general, (a b ¢) | e | = (ad + be + cf).
f
What does the matrix multiplication mean? When does it use? The following
illustration will suggest an answer to these questions. The student will need to observe
some cases in studying this section as the multiplication is more exciting than the
process of addition.
Suppose a school librarian, decides to buy 5 laptops, 10 tablets, and 4 computers.

The prices are: laptop tablet compuler
$1700 $450 $700
We can represent this by the quantity matrix € = (5 10 rL) and rate matrix
1700
=1 450
700

We can calculate the total cost of these items by multiplying the number of each item
by its cost, and then adding the products:

5 x 1700 4 10 x 450 + 4 x 700 = 15800
This equation is formed by multiplying the elements of row of ) by the corresponding
elements of each column of /it and finding the smn of the products. This method is
similar to multiplying two matrices. So that we can evaluate the total cost by the
matrix multiplication.

1700
QR = (5 10 4) | 450
700

= (5% 1700 + 10 x 450 + 4 x 700)

= (15800)

Next you may learn more complicated malrix multiplications.
Thida goes shopping at King Store to buy 2 shirts, 4 blouses, and 3 skirts costing $15,
$38, and $25 each respectively.
We represent this by the quantities matrix Q = (2 4 3) and the rate matrix in King
1h
Store = | 38
25
When Thida goes to a different store, Queen Store, she finds the prices for the same
items are $12 for shirts, $40 for blouses, and $20 for skirts.
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The rate matrix in Queen Store is | 40
20
The price per item for each store can be represented by two columns in the rate matrix
15 12
=38 40
25 2

To find the total cost of these items in each store, we can multiply the munber of items
by their respeetive price.
The total cost at King Store is 2x 15+4x 38 +3 x2b =257,
and at Queen Store is 2x 1244 x40+ 3 x 20 = 244.
Matrix multiplication can perform this in the following form:

QR=(2 4 3) :;; :13 the same
TN 1%3 )
2 20 ax2 i @ @ * i

= (2x15+4x38+3x25  2x12+4 x 40+3 x 20)
= (257 2H)

I=2

Thida's total cost at King Store is $257, and at Queen Store is $244.
Now suppose Hsu Hsu needs 1 shirt, 2 blouses, and 1 skirt.
The guantitics matrix for hoth Thida and Hsa Hsu:
shirt  blouse  skirt

Thida 25 1 3
[1su Hsu ( 1 2 1 )
Hsu Hsu's total cost al King Store is 1 x 10+ 2 x 38 + 1 x 25 = |16
and at Queen Store is 1 x 1242 x40+ 1 x 20 = 112,
Since matrix multiplication can do if the number of columns of the first matrix is
equal o the nmimber of rows of the second matrix, the answer has the same mumber of

rows as Che first matrix and the same munber of colimmns as the second matrix,
Matrix multiplication for Thida and Hsu Hsu can be formed the following;

(2 1 :1) i (2x15+-|x33+3x2-5 2x1:z+-ix4u-|—3x2n)

[ 2 Bl Ve o Ix15+2x38+1x25 1x1242x40 41 x 20
2x() BDx2
Lhe same
row | x col 1 row | x col 2
1 l
257 214
( 116 112 )
' ] T
row 2 x col 1 row 2 x vol 2

73




Grade 11 Mathematics Text Book

The above example shows multiplication of 2 x 3 matrix and 3 x 2 matrix gives
2 x 2 matrix.

By the observation, we now define matrix multiplication more formally.

Suppose A = (u;) and B = (b;). The product AB of an m x p matrix A and an
px n matrix 13 is the m x n matrix C whose entry in the ith row and jth eolumn
is the sum of the produets of corresponding entries in the ith row of A and the Jth
colwnn of B. We define AB by C = (ri;) where e;; = agby; + apby; + ... + TS, W
That is,

(ﬂ.” flyg ... I.l'.lp\ {C” Ciz - Oy . 'r-hiﬂ\
il flgn ... 23y, b“ f}jg fiu fllu ()] [ & T— €23 .. Oy
b2| ll.'“-ﬂ ae bjj s b-_bn
L iz ... iy, . . A . o . = (&1 Cia ... iy s Cin
. bpr b2 ... by o B
-

\Hﬂ'll pnz L“'-'ml Cm2 e O e Cmu)

Multiplication of matrices:
If C = AB where {t':,'_'i] = [!’.‘l,-lf.lu + (l.,'gl'}gj Ficia¥ ﬂ,—,pbw'],
for each pair i and j with 1 <7 <m and | «j=n.

Note:

® The product AB is not defined unless the number of columns of A and the nmumber
of rows of 13 are the same.

e Malrix multiplication is associative, but not commutative. It is not like an ordinary
arithimetic multiplication. The positions of the matrices in the praduct are very
important.

Example 9.

o o fFEE_ - Fi 3B .
Given X = (ﬁ ”) and Y = (2 1 G)’ find XY.
Solution

32\(135
Xy = (5 1’})(24{5)

_ (Bx)+(2x2) 3x3)+(2x4) (3x5)+(2x06)
CABx)+(0x2) (5x3)+(0x4) (5%5)+ (0 x6)

Example 10.
siven P = (]i ?) and Q = (; ;;), find PQ and QP.
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Solution )
PQ = 2y (4 5 _[4+4 540 _[8 5
1j\2 0 1242 1540 14 15 .

o 5Y 1 2\ _ f4+15 845\ (19 13 |
v = 0J\3 1T\ 2+0 440/ " \2 4/

Notice that P@Q # QFP, so multiplication of matrices is not commutative.

o ’ »
| oS . I )

Example 11.

IfA=(3 5 and B = _2] hﬂ]) which of the products AR, BA are possible?
Simplify those products that exist.
Solution
order of A order of B
1%x@ and @ x2 s AD exists and order of AB is 1 x 2.
the samne
2 -1
AB = (3 5) (_] n)
= (6-5 -3+0)
= (1 -3)
orcer of B order of A
2x@ and Ox2 .. BA does not exist.

1 different T

Example 12,

Given (j _1]) (;) = (?) , find a system of equations in 2 and y, Hence find »

and .

Solution
3 1 @ .. 9
G )G = 6)
Je+yy (9
2r—y)  \1

the system of equations in z and y is

3r+y = 9
2r—y = 1.
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Adding these two equations, we get
5z = 10
L=

Substituting « = 2 in one of these equations, we have y = 3.

Unit Matrix
The unit matrix or identity matrix [ is a square matrix having 1's on the main

0 1
like unity in the real number system. I A is a square matrix, then fA = Al = A.

g " ) ) (10
diagonal, and ('s everywhere else. The unit matrix of order 2 is . 1t behaves
' ¥

Example 13.

Find the products of (E ?) ({lj {:) and ([J] [1]) (z i . What do you notice that?
Solution
7 5\ f1 0 7T+0 0-+5Y) _ 5
6 4/\0 1 6+0 0+4) 1
1 T & T+0 5+0Y% _ 5
0 1/\6 4 0+6 0+4) 1
; 7 5\f1 0y _ 1O 5
2 (6961 - 6163 ( )
Example 14.

If A = (_13 . ) and B = (f f) find AB and BA.

Solution

ho = (4 )6 - (352 ) - ()0
- G5 D=0 309G

o AR = O does not necessarily mean that A = 0O or B =0
Note: | ® Powers of a square matrix A are defined as follows:

A2 = AA A% = A%4, A4 = A*A  and so on.

Example 15.
k

A= 0 i) Find A%, A* and A* and hence deduce a formula for A", where n is a

positive integer.
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Solution y

2 A — k k1Y _ E4+0 k+k - 2 2%

A "“_nn 0 k)" \o+0 0+42) \0 &
y i A | 2 3k

. [T _

w == 26 1)-(5 %)
. B3kt E 1 k' 453

& = A% s

oG-G8

k" Ilk"_l

Henee A" = ( 0 A

Example 16.

1 2% . "
If A= (3 -I)' find p, q such

Solution

). where n is a positive integer.

that A% = pA +ql.

= pA+ql
1 2 1D
(636 ) (D)
1+6 248\ f(p 2p +[9 ﬂ)
3412 6+16) — \3p 4p 0 q
~ (ptqg 2p
l.; 22 - 3p 4dp+q
Hence
p+gq =T
¥ = “: from which p=5,q =2
3p = 15
dp+q = 22

Example 17.

Find the two matrices of the

Solution
\F'J
x!
¥ r+y
0
2 =1,
Tz = =l

0y

v [r N[z 1\ _ (=2 =+y
xx=(5 ) )= ")

form X = (I l) such that X* = [I.

5
+
e =
|
=
Se
l

]
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Sincey=-x; z=lLy=-1 (or) z=-1,y=1

Thus the required two matrices are (; _]]) and (:}l :)

Exercise 5.4

1. Find the following matrix products.

we s afl) wen() oen(?)
@e (51 w@)es o(3)E)

2. Obtain the matrix products of the following where possible.

o@E)  weal) oI

RETTPR e
1 -2 ; 2 . :

0 (31 3) () o s ez 9

3. In each of the following, find a system of equations in z and y. Hence find z
and 1.

o 9O-G w6 )00 06 I6-C)
4. Find the values of a and b if (;b ‘:‘) (g) =(d3~l:) ‘
2 0

a0

1 &5)° 2
(i) AB (i) BA  (iii) the value of k if AD — A,

9
6. Given that 2 ({L j)i(_ll ;";) (g j4)=(:l :;) find the values of a, b, ¢

and d.

o\ =
I-:)‘ find

n 4 0 ¢
the values of a, b and c.

7. The matrices A = 3 {I) and B = ('rI b) are such that AB = A + B. Find

78



Text Book Mathematics Grade 11

12.

13.

14.

If A= (f f]) B= (; ‘:,_') and €' = (_‘12 :) find:
(1) (AB)C (b) A(BC) () (CB)A (d) C(BA)

Whal law appears to hold?

1 2 . 2 1 1 4
If A= (3 nl)' B= (:] 4) and C' = (3 2)

(a) is A(D+ C) = AB + AC? Can you give the name of this law?
(b) is A+ (BC)=(A+ B)(A+C)?

2 1 1 4
A= (_1 .'!) and £ = (2 —I)" finud:

(a) A+ D (by A-B (c) (A+ B)(A-B)
(d) A2 (e) B*
Is it true that (A + B)(A - B) = A2 - By

. For the matrices A and B given in problem (10), find

(a) (A + B)?

(b) A% +2AB + B 1s it true that (A + B)? = A% + 240 + B2}

A= (‘]i :{:)* verify that A* — 24 + ] = O, where I is the identity matrix of
order 2.

Show that the matrix A = G g) satisfies the equation A% — 44 — 51 = 0.

2 -3

Given that 7 = (_.} |

) and that D? = 30D — kI = O, find the value of k.

15. Evaluate (24 — B)C where A = (:i __12) i = (“?l f') and ' = (f)

5.4 The Inverse of a Square Matrix of Order 2

1 W .
The real numbers 3 and 5 are called multiplicative inverses because their product

L T — ; I
is 3 353 x 3 = 1, which is the mmltiplicative identity. For the matrices A = (1 )

3 J 4

: 4 -1\
and B = (_3 | )
; R : _f N4 -1y 1 0y
pre-imultiplying 53 by A, AR = (3 ‘1) (_3 | ) 2= ((] I) =]

a4 =11 1y (10}
post-multiplying 3 by A, BA —( 3 )(3 4) = (“ ]) = f
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SAB=BA=] .
We say that A and B are multiplicative inverses of cach other.

I_lf ziH = B.ﬁ = .' then the in';t'.rm' u.i'_.;l., ,.J".l-'-I is B, muf t'ht.! inverse uf B B“ is Ji.

Example 18.

IfA= (; :f) and B = (j: ?}) show that A and 8 are inverses ol each other.

Solution

We hinve Lo show that A3 = [ = 24,
n =2 -1 2 1 0
= (G-
-1 2 5 =2 1 U
f (ura 5) (:1 —|) N (n 1) =

Since AR = = DA, A and B are inverses of each other,

e The inverse matrix could be found by interchanging the entries in the main
Note: dingonnl, and changing the signs of the entries in the other diagonal if the
dillerence of the prodnet of entries in the two diagonals was 1.

More about Inverse of Square Matrices of Order 2

We will now determine how to lind the inverse of a matrix, Does every 2 x 2 matrix
have an inverse?
To answer this question, suppose A and 13 be the malrices:

b . I d b .
A= (r' n’.)' B = 7 (__E_ o ) . provided ad — be # 0

Multiplying these matrices gives:

B 1 a b d —by 1 ad — be 0 10y
AB = ;:E (r' r.!) (—r fi ) T oad = e ( 0 ail — .".-r) - (il I) el
| i —b\ fa b l wd — e 0 I 0
BA = ad — be (—rr a ) (t' u') ad = be ( 0 il — i’H.’) = (Il l) =1

Hence AB = | = BA.

The value ad — be is called the determinant of a matrix A, denoted by det A.

Matrix A does not have a mnltiplicative inverse when ad — be = ().

If det A # 0 then A exists.

I T — B | 7/
ad —be \—¢ a ) detA\-¢c a )
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a b\,

c d})’

e The value ad — be is called the determinant of a matrix A, denoted by det A.
e 1f detA # 0 then A has an inverse, i.e., A™" exists.

For the matrix A =

1 =
In this case, A is said to be non-singular, and A™' = ¢ . :
detA  a

L-_If det A = 0. then A has no inverse, and it is said to be a singular.

Example 19.
Find, if it exists, the inverse matrix of (_12 jl) and of (EI jz)
Solution :
_2 £
]JLL Jaur = ( | _’).
detM = (=2)(-1)—-(1)d)=2-4=-2#0, so M~ exists.
1 = 1 1 1 2
_1 o e, _—
= (S 2)- 2( L) =(1 D)
6 3
Let N = 4 —2})

det N = (6)(=2) — (—4)(3) = =12+ 12=0
N-' does not exists.

Example 20.
3 07 :
Solve the matrix equation (‘l ) X = (g 2) for 2 x 2 matrix X.
Solution i o 7
3
Let A= (3 2) and B = 9 2),

det A =3(2) -3(1)=6-3=3.

AX = B
AAX = A'B
IX = A™'B

Therefore
X-—l 2 -1 1 W ., 12y (-3 4
~—3i-3 3 9 2) 3\27 —-16)  \ 9 -=5)°
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Example 21.
2 3 1 4 : . . :
et A = | 9l i = 3 9 . Find the inverse matrix of A and of 8. Henee use

your results to find the matrices P and ©Q sueh that (iAP=D1B (i)QA=1.
Solution

et A = 1—-3=1

. 2 -3\ _1f2 -3\ (2 -3
T T dmal-l 2)57\21 2 )= S

det3 = 2-12=-10

1 2 —4 I 2 -4 ~5 3
s = —_— £ i - 5
B odet B (—:I ] ) —10 (_;; ] ) (I% —ﬁ)

(i) AP = B
AT'AP = AT'B
P = A'p
2 N a -7 2
Pean-(3 )0 )-( )
(ii) QA = K
QAA™Y = BA™!
QI = BA!

1 1 4 2 =3\ [-2
b s =(3 2)(—1 2)'(4 4;)

Exercise 5.5

In question 1 1o 4, show that each matrix is the inverse of the other.

(5 2)m (2

—

S

(38 (50 7)
YOO
A = ('TI ") and B = (

3. Fid the invorse of (

—

/)

vasf s H)

sinfl eos@ )
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=

10.

11.

13.

. Given that A = (g ,]) aml 3 = (
o

-1
(a) det A (b) det (—A)  (c) det (24) (d) A" (e) (A~")!

2 -1 .
. For A = ( _1), finel:

Find the inverse of the following matrices where possible.
2 -1 -8 —4 0 -1 1 3
@) (@3 o) @]

For each of the following matrices A, find A~" and state the valnes of k for which
A7 exists.

O i B () BCY (Y

{23\ ., (! &k . (6 2
. Suppose that A = (“ 4). 8= (ﬂ gﬂ) and C' = (_3 h)'

(a) Il AB = 1, find the values of & and a.

(b) Find the value of & for which det A = det C.

(c) If det 2 = det C, find the value of & when a = 3.

- 2 1 3 -1 3 = —1 41

Giventhat A = | ~_ 4 and B = e verify that (AB) ! = B-14°L,
-3

order 2.

IfA= (_2 ‘:), prove that A% + 247! = 31 where 7 is the unit matrix of

. Solve cach of the following matrix equations for 2 x 2 matrix X.

(n) (—21 _23)“"“(:11 4?) () (IJ 3)){_(2‘ :')

Given that A = ; ;} amd B = ('1i ‘;) write down the inverse matrix of B
and use it to find the matrices P and ¢ sueh that
(a) PB = A, (b) BQ = 2A.

3
-2
use it 1o solve the following equations:

() AX=DB-A (b) ¥ A =138 +24

Suppose A = (é :) i 2= (__'I ﬁ) e (? 3) and AXB = €. Find X.

4 ) :
) write down the matrix A ', and
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Chapter 6

Statistics

In this chapter, we explain the measures of variation such as the range, variance and
standard deviation. We also discuss the measure of position {quartiles). Then we
explain the cumulative frequency table and its curve to determine the median and
quartiles. Finally, we deseribe the relation of two variables in dala sets, and determine
the strength of linear relationship between them.

6.1 Measure of Variation

We first recall the measures of centre of a data set. These measures include mean,

median, and mode. For a set of data, the mean is defined by the sum of the values,

divided by the number of values. If the numbers in the set are xy, xa, ..., &y, then
Ly +xa+...+x, e

1 71

K
1l
Il

where the symbol # is used for mean and n is the number of values. The median is the
middle point of the data arranged in ascending order. If there is not just one middle
value, the median is taken by the mean of two middle values. The mode is the value
that occurs most often in a set of data.

However, Lhe measure of centre of data is not enough to describe the whole data set.
Thercfore we must know how the data values are dispersed. To determine the spread of
the data values, we use measures of variation, or measures of dispersion. These
measures include the range, varinnee, and standard deviation.

When we have a value for the centre of a data sel, we can determine the distance
between this centre and the other data values. This distance from the mean is called
the spread of the datn. The simplest measure of spread is the range R which is the
difference hetween the largest value and the smallest value.

lii’ = largest value — smallest value

B
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The range is sensitive according to the outlier (smallest and largest values)., To
have a more meaningful statistics to measure variability, we use variance and standard
deviation. We first consider data variation which is based on the dilference of cach
data value from the mean. This difference is called a deviation, in symhol z; — . If

we st the deviation for all data values abont the mean, this result will always be zero,
1]

.o, E (2, — &) = 0. To overcome this problem, we use the square distances instead of

j=t
the actunl distances.

The variance o2 is the mean of squares of the deviations.
|

1 1"

2 13

Jg == Ty —h

Tt (I' r}
i=1

where u; is individual value, 2 is the mean and n is the mumber of values,

The standard deviation « is the square root of the variance.

7 = V variance

o -

Example 1.

The marks scored in a test by seven students are 3,4,5,2,8,8,5. Fiud the mean and
standard deviation.

Solution
. 344+5+2+848+5 35
Mean = & = =—=
7 7
w; | 3 | 4 165 2]8]8]5
i—% |-2]-1]0]1-3]3]3]0
(e, =22 4] 1]0]9198]9]0
Then

. A4 0+94+949+0 3
y _ 44 140+9404 “[:'=ET‘E=-1.5714

varianee = a

T
standard deviation = o = V4.5714 = 2.1381

Students can find means, variances, and standard deviations directly by
inputting the given data into a calculator.
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L
From now on, we will use r and > r instead of z; and E x; for simplicity.

;‘.‘.\I
We can compute the similar formula for the variance as follow:

Sl - &)

g =
N ot - 2x7 + (1))
B _Z_i ¥ 2xd _ 3. [E)%
. n n n
_ Yot E:Ez r  nf{F)*
7 n n

Example 2.

Ten students are weighted (w kg). The snmmary data for the weights are

> w =440, w? = 19490,
Find the mean and standard deviation of the students’ weight.
Solution 10
The mean = w = & — = — 44,
i 10
w? 949() ;
o2 = 2 _ G S (44)% = 1949 — 1936 = 13

n 10
then the standard deviation is o = 13 = 3.6056.

Measures of Position

In addition to measure of centre and measure of variation, there are m
position. These measures include standard scores, percentiles, deciles, and
In this course, we only foens on quartiles. Quartiles @, Q, and Qy divid

Text Book

casiures of
quartiles.
o the data

arranged in ascending order into four equal groups. Here, (22 is called the median of

the whole data set. @y and @y are called the lower quartile and {he upper
Srnaliest e lion of milinng of Largess
ilata lowerr hulf medinn upper hall ilata
walae o) Qs Qs vl
1 I 1 { :
J 25% 2 ' 25% 259

86

quartile,



Text Book Mathematics Grade 11

The interquartile range is n measure of variahility.

[intnrf;unrtilr‘ range = upper quartile — lower quartile = Q4 — Q;I

Example 3.

Find the median and interquartile range for each of the set of data below:
|

(n) 7,9.4,6,3,2, 8 1, 10, 15, 11 (b) 6,5, 1, 14,3, 7.8, 2,13
(¢) 2. 15, 13, 6, 5, 12, 50, 22, 18, 52 (d)5,3,57824,1,22 3 6
Solution

(n) Arrange the data in ascending order first.
1,2,3,4,6,7, 8,9, 10, 11, 15
1 T T
@ (2a
median Q2 =7, Q=3 . Q4 = 10.
interquartile range = Q3 — @, = 10 -3 =7.
(b) Arrange the data in ascending order first.
1, 2,3,5,6,7, 8,13, 14
—— ~—
Tt 1
Q2

-3 8413
median =6, Q) = 2_.1_. = B i e -I: L

interquartile range = Q3 — Q) = 10.5 - 2.5 = 8.

= 10.5.

(e) Arrange the data in ascending order,

2,5.6,12 13,15, 18, 22, 50, 52
S
1 T T

o 0 o

=M, Qi=06,0Qy=22
interquartile vange = Qy — Q, = 22 - 6 = 16.

median €, = 134 15

() Arrange the data in ascending order.

1,2,2,2,3,3.4,8, 5,6, 7
uv-rT —

N

1

t T
th 2z (2
444 242 5
median Q, = —%— =35, Q=""=2,Q=220_355

interquaortile range = Qy — Qy = 5.5~ 2 = 4.5,
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Frequency Tables and Grouped Data

If we are given a list of large amounts of data values, we can summarize them as a
frequency table. I we are given a frequency table, we can always expand it into a list
of all data values. For exaple, suppose we are given the following exact data value:
T x Jwf20]30
Frequency | 3 | 2 | 4
We can write this out as a list: 10, 10, 10, 20, 20, 30, 30, 30, 30

From this list we can caleulate the statisties such as the mean and standard deviation
as before.

irom the frequency table, we can find the mean

z f:’ * T
i
a

i=1
"

where f; is the [requency of x;, and ZJ}, the sum of all frequencies, is the

i

I=

number of data item.

When we are given the gronped data values to estimate the standard deviation, we
replace each group by the mid-point value. For example,

r [50, 100) | (100, 200) | [200,300) | [300,400)
Frequency 15 20 42 8

is replaced by

Midpoint | 75 | 150 | 250 | 350
f 15 20 | 42 | 8

Here [a,0) = {x|a <z < b}.

We can now calculate the variance and standard deviation for frequency table.

The formulae for the variance and standard deviation for grouped data are

"

> (A~ (s0=20)
N/
¥=1

variance = o2 = =
and standard deviation = o = v/ variance.

88
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We have the similar formula for the variance of group data as, follow:
o S 2 (fi-2?) — (3)?
= &dU ) g
24
Example 4.

Find the mean and standard deviation for the following frequency table:

T 516 7|89
Frequency(f) [ 9| 9| 10 ] 12 ] 10

Solution
We construct the table as

% I f o x? f-a?

5 0 45 25 225

G ] 54 36 324

T 10 T0 49 490

3 12 96 64 768

9 10 90 81 310

N F=503(f %) =355 3 (F ) = 2617

S x) _ 35 _

Mean = & =

Wi 50
. g 2617 .
Vari = 2':2_(}..!]_'_,2:—— : 1:'.:
ariance = a i () 0 (7.1)* = 1.93

Standard deviation = ¢ = /1.93 = 1.1892

Grade 11

Students can find means, variances, and standard deviations directly by

inputting the given data into a calculator.

Example 5.

A man recorded the length, in minutes, of each telephone call he made for a month.
These data are summarized in the table below. Find the mean and standard deviation

for the data.

__Lgu_gt_-h__nl}eh':plmnn eall (minute) | (0, 10] | (10, 20] | (20, 30] | (30,40]

(40,50]

Freguency 4 15 b 12

10

Here (a,b) = {x|a < x € b}.
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Solution
We construet Lhe table as

o

4.

(ol |

Frequenev(l) | midpoint (x) f-x z? f-at )

1 5 20 25 00

15 15 225 225 3375

5 25 125 625 3125

12 35 420 1225 14700

10 15 450 2025 20250

N =46 S(f-x) =1240 (- a?) = 41550 |
Maii = = 22 -2) _ 1240 _ o0 oees
>/ 16
el [

Variance = 0% = &J—] - (z)? = oy (124UJ2 = 176.6068

S.f 46 46
Standard deviation = o0 = V176.6068 = 13.2803 |

Exercise 6.1

. Find the median and the interquartile range for the following sets of data:

(a) 16, 18, 22, 19, 3, 21, 17, 20 (b) 33, 38, 43, 30, 29, 40, 51
(c) 24, 32, 54, 31, 16, 18, 19, 14, 17, 20 (d) 14, 16, 27, 18, 13, 19, 36, 15, 20

Fiftoen students do a mathematics test. Their marks are as follows:
7.4,9,7,6,10,12,11,3,8,5,9,8,7.3
Find the median and the interquartile range.

Find the mean, variance and the standard deviation of the following data sets,
(a) 1,2,3,4,5,6,7 (b) 5,6, 73,2911 (¢)4,3,2,709
(d) b 5:b, 4, 2T, T, 07 (e)1,3,5,5,7,9, 10, 15, 17

The numbers of errors, x, on each of 200 pages of typeseript was monitored. The
results when summarized showed thal

e =1000, Y = 5500,

Caleulate the mean and the standard deviation of the number of errors per page.

ln o student group, a record was kept for the number of absent days each student
had over one particular term. Caleulate the mean and standard deviation for
these data shown in the table below.

Number of absent. days (x) | 0 [ 1 | 2 [3]4
Number of students (f) [ 15[ 10| 20| 8|2

a0
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G. A moth trap was sct every night for five weeks. The number of moths eaught
in the trap was recorded. Caleulate the mean and standard deviation for these
data shown in the table below.

Number of moths (z) | 7 _S_I_!ﬂ o1l

_ Frequency (/) [3]8[9]5 |9

7. The lifetimes of 80 batteries, to the nearest hour (h), is shown in the following
table. Calculate the mean and standard deviation for these data.

| Lifetime (h) (6,10] | (10,15] | (15,20] | (20,25] | (25, 30]
Number ol batteries 12 8 15 30 15

8. The table summarizes the distances travelled by 150 students to college each day.
Calculate the mean and standard deviation lor these data.

~— Distance (s) (0,2] [ (2.4] [ (a.6] | (6.8 | (8,10] | (10,12]
Number of students 8 22 Y] 35 18 12

6.2 Cumulative Frequency

In this section we describe how to find the median and quartiles by using cumulative
frequency which is a new way Lo represent the data, Cumulative frequencey is a connt
of the total number of data items up to a certain value.

Example 6.

The following table shows the nmunber of sweets in a pod, for a sample of 100 pods,
taken at random. Construet a cumulative frequency table.

516

LTS5
14119)27 [ 1o

Number of sweets per pod | -

Number of pods

Solution

The cumulative [requency table is obtained as [ollows:

Number of sweets perpod(x) [2[ 3[4 [ 5[ 6 [ 7] 8
Cwmnnlative requency S5(15]25(39 53]85[[[][]

9l
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Example 7.

The Frequency table shows the marks of 84 students in a Mathematies test.

Mark (z) (0,20] {2{],40] (40, 6O (ﬁ[l,ﬂ[]]ﬁ (80, 100]
Frequency 12 20 34 14 4

(a) Construct a cumulative frequency table and draw a cumulative frequeney eurve for
the Mathematics marks.
(b) Find the median and interquartile range.

Solution

(&) The cumulative frequency table is obtained as follow:

Mark () r<20|z<40 |z <60 | x<80|x<100
Cumulative frequency 12 32 G6 80 84

Here the first row of the cumulative frequency table consists of the upper
boundaries of the data groups.

A
90"
BO+
70+
------------- ),.—--_---------
2 o :
T -
% :
B 50+ ,:
q::-" --------- Pcmmmcmemman !
'E 40" [] ¥
ﬂ 1 i
= ! '
£ 10 Y
o : :
20§---"" Pmeeccan . T :
104 Y : a :
:ﬁr ({zh 3
+ + . : + . + - ‘ v + Mark (x)
0 10 20 4] 40 S0 60 70 BO 90 100

We notice that nobody got mark 0, so (0,0) is the leftmost point in the diagram.
Therefore we plot the five points (20, 12), (40,32),...,(100,84) from the cumulative
frequency table plus the additional point (0,0) and join them up with a smooth curve.
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(b) The total frequency is 84, so draw lines across from the y-axis at
0.25 x 84 = 21 for the lower quartile,
0.5 x 84 = 42 for the median and
0.75 x 84 = 63 for the upper quartile.
Therefore, we estimate the values Q. Q- and Q5 on the z-axis from the graph. So,
lower quartile @, = 30, (= means approximately equal)
the median Q; = 46
upper quartile Q3 =~ 58
the interquartile range = Q3 — @; = 58 — 30 = 28

Example 8.

The table shows the mass, in kilograms, of 65 workers of a factory.

Mass () [0 <z <55 |05 <z<B0|60<xz<65|65<xr<TO|[TO<x<TH
Nomber of
workers 10 20 20 10 5

(a) Construct a cumnulative frequency table and draw a cumulative frequency curve
from the given information.

(b) Find the median and the interquartile range.

(¢) How many workers have mass 58 kg or less?

(d) How many workers have mass of more than 58 kg?

Solution
(a) Mass (1) < |z<60|x<65[x<TO|xz<T5
Cumulative frequency 10 30 50 60 65
r
w0t
G
*6.5“ fencessacsesanren== e e o s Sk x
g :
40 '
| TR TS B :
g 30 : :
= 3 SO R R I L ' Y
";é' 20§ ' :
A ' T ;
104 . .
R
) /\/ 50 55 60 65 70 75 :?j;"‘“
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(b) The total frequency is G5, so draw lines across from the y-axis al
0.25 x 65 = 16.25 for the lower quartile,
0.5 x 65 = 32.5 for the median,
(.75 x G5 = 48.75 for the upper quartile.

Therelore, we estimate the values @y, Qa, Q5 on the r-axis on Lhe graph. Thus
lower quartile @y = 57
the median (2 = 61
upper quartile Q4 = 65
the interquartile range= Q4 — Q, =65 - 57 = 8
(¢) Number of workers whose mass less than 58 kg = 22
() Number of workers whose mass greater than 58 kg = 65 — 22 = 43,

Exercise 6.2

L. A random sample of 120 students was asked how long it took them to complete

Lheir homework the previous night. The time was recorded and summarized in
the table helow:

time {(m min)

m ) | 2 <m< HJII___ I <m<3 | B <m <40 | 40 < m <50 | B0 < 1 < B
Freguoeney

a0 a0 2} 1 20

(a) Draw a cumulative frequency curve to illustrate this information.

(b) Find the median and interquartile range.

2, The lengths, in centimetres, of 400 fish in a fish farm were measured. The results
are shown in the table below:

Length{z cm) [ <r<dl [d<r<50 [0<wx<il | Glecr<T)|T0<r< F:i'l"[

Numberof fish [ 60 [ 100 120 80 0

() Draw a cumulative frequency curve for Lhe information.

(b) Find the median and interquartile range.

3. The table shows the marks obtained by 100 students in a mathematics

exnmination.
[ Mark () [(0.20] | (20, 40] | (40, 60] | (60, 80] | {80, 100]
IM@;UI‘ of students 5 | 12 28 36 19

(n) Construct a cumulative frequeney table and draw a cummlative frequency
curve from the given information.

(b) Estimate (i) the number of students obtaining 50 marks or Jess, and
(1) the number of students obtaining more than 88 marks.

04
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4. The masses, in kilograms, of 500 boys in a school are recorded and shown in the
table below:
|£lﬂ£b_[i" kg) | (45, _EIUI__ (50, 55] | (55,60] | (60,65] | {65,70] | (70,75] | (75,80 |

~ Frequency 20 50 150 140 | 80 40 20

(a) Draw a cumulative frequency eurve for the information.

(b) Find the median and interquartile range.

5. A sample of 240 eggs from a larm were weighted. The results are shown in the
table below:

Mass (x g) | (35,40] | (40,45] | (45,50] | (50, 55] | (55,60] | (GO, 65]
Number of eggs 25 56 80 50 25 b

(n) Construct a cumulative frequency table and draw a cumulative frequency
curve from the given information.

(b) How many eggs have mass 48 g or less?

{¢) How many eggs have mass of more than 48 g?

6.3 Correlation

In this section we only explain the linear relation between independent and dependent
variables.  Therefore we colleet two variables to see whether a relationship exists
between them. This can be illustrated by o scatter diagram.

A scatter diagram is a graph of the ordered pairs (r, y) of numbers consisting
of the independent variable x and the dependent variable .

A linear correlation is the statistical method used to determine a relationship
between dependent and independent variables.

' u .
H Positive Linear Correlation H Negative Liar Correlation " No Relationship
- -
L] [ ] L]
- L] L] -
‘. L .. =
L] L ] L
-
L]
L -
L] - L] L] -
-
¥ .F L * L
ns x incroas, R8 E incTonse, 1o clear relation
p generally incrense v penerally decrense hetwoen x el

A posilive correlation is a relationship between two variables when both variables
increase or decrease at the same time. A negative correlation is a relationship between
two variables when one variable increases, the other variable decreases, and vice versa.
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Example 9.

Ten students sat a Mathematics test and a Chemistry test. Both tests were marked out
ol 20. Their marks are as shown below. Draw a scatter diagram to represent these data.

Students A|B|C|DIE[FIGTHIITJ
Mathematicsmark | 5 | 9| 0 [ 13|20 8 [ 121611 |10
Chemistry mark | 5 [ 8 [ 11| 14|20 111016 13| 8§

Solution
25
20 ;
+ E
glb It
£ < D
I. ‘_.t
Em b o
aJ
o I -
0 B 10 16 20 %%
Aot hsmaties mark

From the diagram we see that the points lic approximately on a straight line, the
higher the Mathematics mark the higher the Chemistry mark. It shows positive linear

relationship.
Correlation coefficient

A correlation coefficient r is used to determine the strength of the linear
relationship between two variables. The value of r varies between —1 and 1.

Formula for the Correlation Coefficient r

o nyry-Y xSy
OS2 — (S — (o)

[

[Valwe of 7 | Interpretation
r=l Strong positive linear correlation
r=~0 | Nolinear correlation
r = —1 | Strong negative lincar correlation

Note. The valne r = 0 does not mean that there is no relationship between the two
variables - only that there is no lincar relationship.
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Example 10.

The scatter diagrams show various degrees of correlation.

(n) (L) =) {el)
Match the diagrams with the correlation coefficients below.
(i) r=—03l (ii) r=—-0.94 (iii) r = 0.55 (iv) r = 0.97.
Solution

Figure (a) is closed to strong positive linear correlation. So figure (a) is matched
with (iv).

Figure (b) is closed to strong negative linear correlation. So figure (b) is matched
with (ii).

Figure (c¢) is matched with (iii).

Figure (d) is matched with (i).

Example 11.

Calculate the correlation coeflicient of the following summary data:

ZI:IE, Zy=3{}, EI?=55, Zy’zl‘.}[}, Z:y:lﬂﬂ, n=239.

Solution
1
!!Zrz - (E.r) = 5x 55— (15)* = 50.
2 y
uz:y2 - (Zy) = 5 x 190 - (30)* = 50.
uz:ry - Zny = 5 x 100 — (15)(30) = 50.
ol
Therefore, = *;—]-:: = 1. We have a perfect positive correlation.
Va0l x 50

Example 12.

Caleulate the correlation coeflicient of the following summary data:

Dox=57, Y y=511,  x*=579. Y y*=38993, Y ay=3745 n=7
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Solution )
2
ny a2 - (Z.r) = 7x579— (57)° = 804
ny - (Z y)‘ — 7% 38093 — (511)% = 11830.
nd ay—d x>y = Tx3745 - (57)(511) = ~2912.
—M¥14
Therefore, = ik = —0.9442. We have a negative correlation.

V801 % 11830

Linear Regression

We now are ready to consider Lhe nature of relationship between variables. If the value
of correlation cocflicient is significant, we ean find the equation of the regression line,
also known as line of best ft. It is a stalistical method vsed Lo determine the strength
and character of the relationship between two varinbles. The purpose ol regression line
is to muoke predictions on the basis of the data.

1 F . .
"+ Point (=, y,)is a distance

¢, above the regression line

Hegression line

£:53, y:l]
1= ie

1A
(x4 ¥,)

%
Vet 1)

({L/ﬂl

a + -'r.r.l

0 T

For each point on a seatter diagram, we can express y in terms of & as
Ui = (a + br;) £ e, where ¢; is the vertical distance from the regression line. I the
points are close to the line, (f.e., ¢ eloses to 0), we get the better prediction on the
it
The equation ol the regression line is

y=ua+br

DIF) [0 0550 Rl V90957 /) ISR D DE.; a0 95 [0 377)}
ny at— {E:r}z ' iy, 23—y x)?

08

whoere o =
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Example 13.

The results from an experiment in which different masses were placed on a spring and
the resulting length of the spring measured, are shown below. Find the equation of
the regression line of the data.

Mass (x kg) [ 20 [ 40| 60 | 80 | 100 |
Length (y em) | 40 [ 50 [ 60 | 60 | 70 |

Solution
Yo =300, Ya2* =22000, 3 ay= 18200, >y =280
We compute that
n¥ x? - (T a)? =5 x 22000 — (300)? = 20000
ny. ay—Y.z3u 5 x 18200 — (300)(280) = 7000
Therefore, we obtain
_ EZEe) — (ST ) _
n Yt — (3 )’
b= nyz-3.s E.,y = {1.35
nYy z?— (3 2)°

The regression line is y = 35 + 0.35x

i

and

Students can get the regression line and the relative correlation coefficient
by using a calculator with inputting the given data into the calculator.

Exercise 6.3

. A stndent works ont the correlation coeflicient hetween the heights of a group of
fathers and the heights of their sons to be 0.954. Write down what this tells you
abont the relntionship between their heights,

2. Sowme seatter diagrams are shown below,
i " I L

y 1 + I —y 1 -

(1) (i) (i) iv)

Write down which seatter dingrun shows:

(1) a correlation of 40.99,

(h) a correlation that could be deseribed as positive correlation,

04
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(c) a correlation of —0.97,

(d) a correlation that shows almost no correlation.

3. Given the following summary data,

o

Y a =367, Yy =270, 2% = 33845, 3y = 12976, 3" xry = 17135, n = 6,
calenlate the correlation cocfficient.

. Ten children had their 1Q measured and then took a general knowledge test.

Their 1QQ. (), and their marks, (y), for the test were summarized as follows:
2o =150, 3y =100, 3 x? = 20000, 5 * = 9000, 3" zy = 10000

(a) Caleunlate the correlation coefficient.
(b) Describe and interpret the correlation coefficient between 1Q and general

knowledge.

In a training scheme for yonng people, the average tine taken for each age group
to reach a certain level of proficiency was measured. The data are shown in the
talile.

Age (z years) 14 [ 15|16 (1718|1920 |21 | 22|23
Averagetime (phours) | 8 | 6 | 7 |9 | 8 |11 |9 [10]11]12

() Calculate the correlation cocefficient.
(b) Describe and interpret the relationship between average time and age.
An accountant monitors the number of items (x) produced per month by a
I

company together with the total production costs (y). The table shows these
data.

LA

Number of itews (x) [ 20 [ 30 | 45 | 50 | 60 | 70 [ 20 | 35 [ 57 | 85 [ 32 | 70
Produetion costs (y) |40 [ 60 [ 70 | 45 | 89 | 96 | 37 | 53 | 83 | 40 | 80

Find the equation of the regression line in the form y = a + b

The relationship between the number of coats of paint applied to a boat and the
resulting weather resistance was tested in a laboratory. Find the equation of the
regression line and correlation coefficient for data shown in the table below.

Coats of paint (x) 1 |2]|3)|4]5
Protection (y years) | 1.6 | 3.1 {39 | 4.8 | 7.6
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Chapter 7

Circles

In the Grade 10 Text book, we learned about properties of angles in a circle and
properties of chords. Now, we will learn propertics of tangents and properties of points
to be concyclic.

7.1 Properties of Tangents

In this section, properties of tangents and the relation between lengths of tangents and
secants will be studied.

In a circle with centre O and radius r, if P is a point such that OF < r, then P is
inside the circle. If OP = #, then P is on the circle. If OFP > 7, then P is outside the
circle. By using this facts we will prove the following theorem.

Theorem 7.1. A line perpendicular to the radius of a cirele at the point of contact is
a langent to the circle.

7T 35 °
Given : The line ! is perpendicular to the radius OT at T
To prove : lis a langent o OO,
Proof : Let S be any point on [ distinct from T'.

Then OS is the hypotenuse of the right triangle OT'S.
Henee OS > OT.

Since OT is the radius of the cirele, S is outside the circle.
Therefore [ passes through the circle only at the point T,
i.e., { is a tangent to 0.
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Theorem 7.2. A tangent to a circle is perpendicular to the radins at the point of
contact,

f T 15‘
Given i The line ¢ is the tangent to GO at T
To prove : OTLI
Prool : Take any point 8 on [ distinet. from 7T,

Then S is oulside the cirele © and Q8 = OT.
Hence OT is the shortest distance from O o the line 1.
Therefore O L 1.

Corollary 7.3. Ifa line is perpendicular to a tangent to a circle at the point of contact,
it passes through the centre of the eirele.

v

>

Tangent Segment
A tangent segment of a circle is a segment of a tangent line whose endpoints are the

point of contact and an exterior point of the circle.

Theorem 7.4. Two tangent segments drawn [rom an exterior point to the circle are
equal in length. They subtend equal angles at the centre. They are equally inclined to
the segment joining the centre to Lthe exterior point.

A
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Given 0, and tangent segments PA and PB.
Toprove : PA=PB 8=¢anda=4§.
Proof : Join OA, OB
In AOAP and AOBP
ZOAP = ZOBP =90° (radins L tangent)
oP = 0P (common side)
0OA = 0B (vadii)
LOAOAP =2 A0ODP (RHS)

PA=PB. O0=¢danda=Ff

Example 1.

Grade 11

Tn the given @O, AB = OB wil ZBOC = 60°. Find ZA. 1s AC a tangent segment.?

Solution
oB = 0C (radii)
L Z200B = £Z0BC

ZO0BC = Z0CB = ,
So AOQLC is equilateral.
BC = 0B
Alb = 0B (given)
L BC = AD
LA = ZBCA
In AABC,
LA+ LBCA = ZOBC =WHr

180° — 60°

= 60°,

2/BCA = 6IF (. ZBOA = ZLA)

£LZBCA = 30

>

5

Z R

C

LOCA = Z0OCB+ £BCA =GP - 30° = WP

00 L AT,
Therefore AC is a tangent.
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In the given @0, PA and P are tangent segments, OA = 7 m-1d DP = 18. Find PA

and PH.
Solution
PR =FA
L PB =24,

Example 3.

oD = 0A (radii)
LY = T
OFP = OD+DP=7+18=125
LOAP = 9 (radius 1 tangent)

LOPY = OA+ PA?
26 = 7'+ PA?

PA® = (25 —49 =576
PA = 24

(tangent segments from the same external point)

In the fignre, PA and P are tangents to @0 and ZAPB = 60°. Find e and j.

Solution

ZOAP
ZAPO

LAPO
In right AOAP,

]

l

o0° (radius L tangent)

1 _ :
sz!h"b’ (. £APO = £ZBPO).
1 30 — Ao
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a+ LAPO = 90°

a+30° = 90°
e = 680°
PA and PB subtend equal angles at the centre.
5 ZPOB = &
~ALPOB = ®0°
ZAOB = a+ ZPOB =60°+60°=120°
B = %L’AOB (subtended by are AR)
= B v % x 120° = 60°.

Theorem 7.5. An angle between a tangent to a circle and a chord drawn from the
point of contact is equal to an angle in the alternate segment of the circle.

Given ¢ In @O,UV is the tangent to the circle at T,
and QT is a chord.

To prove : ZQTV = 4P and £QTU = ZR.

Proof ¢ Draw a diameter T'S. Join S and Q.

LS = £P (subtended by are QT)
£5QT = AW° (.- 8T is a diameter)
LS+ o 90°
LSTV 90° (radius Ltangent)
LQTV +a = N°
LS+ = LQTV +a
o 28 = LOTV
S EQTV = £P
LP+ZR = 180° (PQRT is a cyelic quadrilateral)
LQTU + £QTV = 180°
LEQTU + LQTV = ZP 4 £R
S LQTU = £R.

105



Grade 11

Mathematics Text Book

Theorem 7.6. (Converse of Theorem 7.5) If a line drawn. through an endpoint of
a chord of a circle forms an angle that is equal to an angle in the alternate segment,
then the line is a tangent to the circle.

The following theorem shows the product property of lengths of tangent and secant

segments.

Theorem 7.7. If a tangent and a secant of a circle are drawn from a point outside
the circle, the square of the length of the tangent segment is equal to the product of
the lengths of the secant segment and its external segment.

Given
To prove

Proof

Example 4.

AP
7

PA is a tangent segment and PBC is a secant segment.

PA* = PC-PB

Join AB, AC.
In APAB and APCA

£P
£ZPAB
~.APAB
_PA

T PC

o o

i

¢

Il

LP (common angle)

£C (PA is a tangent and AR is a chord)
APCA  (AA Similarity)

PB

PA

PC - PB.

In the figure, AC = BC, and PA and PB are tangent to the circle at A and B
respectively. Find the values of o, 3 and 8.
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Solution
In APAB,
PA

. O

i

X

o
Sl

In AABC,
ZOBA

i

. LCBA

)
.0

Example 5.

PB

Mathemalies Grade 11

(tangent segments from an external point)

£ZPBA

LPBA =

B
70°

Ii

i

180° — 40°
AT e

(PA is a tangent and AR is a chord)

LCAB (.- AC = BC)
ZCAB = IB{I_Q—E_ = 55° -

ZCBA (PA is a tangent and CA is a chord)

59°.

In the figure, PA is tangent to @0, PA = 1073, AD = 10 and CD = 5. Find PB and

BQ.

Solution
ZDAP

PP

PD
PC

X P
PA?
300
PB
2.BC

BQ
- BQ

117

i

I B

Il

4 P

gﬂu

PA? - AD?

(10v/3)2 + 10?

300 + 100 = 400

20
PD+DC=20+4+5=25
25

PB- PC

PB x 25

12
PC-PB=25-12=13

1
EBC
13

2

(radius | tangent)

(0Q 1. BC)
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Common Tangents ;

A line which is tangent to more than one circle is called o common tangent. A
common tangent is called a common external tangent if the circles are on the same
side of the tangent. A common tangent is called o common internal tangent if the
circles are on opposite sides of the tangent.

Figure(a) has four common tangents; two external tangents AB,CD and two
internal tangents EF, GH.

Figure(b) has three common tangents; two external tangents AB,CD and one
internal tangent RS.

Figure(c) has two common external tangents AB,CD.

Figure(d) has one common external tangent RS,

Figure(e) has no common tangent.

Two circles are said (o be tangent internally if exactly one common external
tangent can be drawn to these circles. Two circles are said Lo be tangent externally
if exactly one common internal tangent can be drawn to these circles.

In Figure(b), the two circles are tangent externally.
In Figure(d), the two circles are tangenl internally.

108
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Theorem 7.8. When two circles are tangent externally or internally, their centres and
the point of contact are collinear.

R
[]
;
]

H
H
S
Given : @O0 and @GP are tangent externally at Q.
To prove : O,Q and P are collinear.
Proof : Draw a common tangent 1S at ).
Join OQ , PQ.

Then OQLRS and PQLRS (radius L tangent)
£20QS + £LPQS = 18(°

Therefore OQP is a straight line.

Therefore O, Q and P are collinear.

Given : @0 and GP arc tangent internally at Q
To prove : O, P and @ are collinear.
Proof : Draw a common tangent RS at Q

Join OQ and PQ

Then OQLAS and PQLRS (radius 1 tangent)
If O were not on PQ,

then Z0QS > ZPQS or £Z0QS < LPQS.

These are impossible since Z0QS = ZPQS = 90°.
Hence O lies on PQ.

Therefore Q, P and O are collinear.
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Example 6.

©F and GQ are tangent externally at /2. [f the radius of P is 16 and the radius of
©Q is 9, find the length of the common external tangent segment XV,

Solution

Since @P and ©Q are tangent externally at R,
P, IR, @} are collinear.

LPXY = QY X =90°. (radius L tangent)
Draw QT which is perpendicular to PX at T.
Then QT XY is a rectangle.

2TE = gF
TX =9
PT = PX-TX=16-9=1.
PQ = PR+RQ=16+9=25.
In right triangle PTQ,
PQ: = P71 s TQ‘:
~TQ = JPQ*—PT?2=251 -T2 =24
XY = TQ {opposite sides of rectangle QT XY')
XY = 24

Exercise 8.1

1. In the following figures, O is the centre and AT is a tangent. Find the value of
.

(a) (b) (c)
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2. In the following figures, AT is a tangent. Find the value of x.

()

S

3. In the following figures, PA, PB are tangents to @0 at A and B respectively.
Find the values of z, y and =z.

& Tn the Figure, the circie & insexibed in AABC. W AB =19 BC = 6and | —
AC = 20, find a, b and ¢

A
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6.

- In the figure the circle is inscribed in the quadrilateral ABCD. If AB = 20,

DC = 14 and AD = 12, find BC.

A
D

B '

In the figure, ®A, ®B and GC are tangent to each other. If AB = 18, BC =
and AC' = 14, find the radius of each circle.

A‘A

In the figure, AT is a tangent at 7. Find z,y and z.

1
[n the figure, EAF is tangent at A, BC = CD, ZBAF = Eéﬂﬁﬂ. Prove that
AD | BC.

C
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9.

10.

11.

12.

13.

14.

16.

i

18.

In the hgure, circle is inscribed in AABC. Find the radins of the cirele.

Two unequal circles are tangent externally at Q. AB is a chord of the first circle.
AR is tangeut to the second cirele at C, and AOQ meets the circle at E. Prove
that ZBOC = ZCOE.

Circles P and @ are congruent and tangent externally at C. A straight line ACB
is drawn meeting one circle at A and the other at 3. Prove Lthalt AC = BC.

Draw a cirele and a tangent TAS meeting it at A. Draw a chord AB making
£TAB = 60° and another chord BC || TS. Prove that AABC is equilateral.

Two cirele intersect at A, B, At A, a langent is drawn to each circle
meeting the circles again at P and Q respectively. Prove that ZABP = ZABQ.

Two circles touch internally at . Through PP two straight lines AB, CD are
drawn meeting one circle at A, €' and the other at B, D respectively. Prove that
AC || DB.

. Prove Theorem 7.G: 1f a line drawn through an endpoint of a chord of a circle

forms an angle that is equal to an angle in the alternate segment, then the line
is & tangent to the circle.

Twa circles touch externally at P. Throngh P two straight lines AB, CD are
drawn meeting one circle at A, C' and the other at B, D respectively and such
that C'B is a common external tangent. Prove that the circle CBP is tangent to
AC and DB.

P.Q and R are points on a circle. The tangent at £ meets RQ produced at 7',
and PC bisecting ZRPQ meets RQ at C. Prove that AT PC is isosceles.

AB and AC are equal chords of a circle. Prove that the tangent at A bisects the
exlerior angle hetween AR and AC.

. PT is tangent to the circle at T, and PQ11 is a secant. @7 with radius 7'Q) meets

QI again at S. Prove that ZRTS = ZRPT.

113




124

Gracle 11 Mathematics Text Book

20,

Twa circles interseet at A, 2. The tangent to the fiest_ at A meets the second
again at €', and the tangent to the second at 12 meets the st again at £, Prove
that AL and C'H are parallel.

- Pwo unequal civeles are tangent internally at A, BC, a chord of the larger cirele,

is tangent to the smaller cirele at 12,0 Prove that AD bisects £ BAC.

M o5 the midpoint of a chord AR of a given cirele. C s any point on the wmajor
arce AR, ad OV wmeets the circle at D, The circle tangent to A8 at A and
passing through ¢ interseets CD oae E. Prove that DA = ME.

7.2 Concyclic Points

I three points A B and € on a circle were collinear, the perpendiculnr hisectors
of the chards AL and BC would be parallel. This is impossible beeanse these wo
perpendienlior biseetors pass theangh the centre. Therefore no civele contains three
collinear points. T other words, three non-collinear points lie on o circle, Eqguivalently
we can say that every trinangle is cyelic. Moreover, any three non-collinear points
determine unigue circle. The vertiees of o polygon that all lie on one civele are
called coneyelic points.

W haves known that

angles inscribuad in the sime segment of o cirele are eeual;
an inseribed angle subtended by a dinmeter is a vight angle;
opposite angles of o eyelic quadrilureral are supplementary;

the exterior angle of o cvelic quadrilateral is equal to the opposite interior wgle
of the quadrilateral:

it two chords of o circle intersect in the cirele, the product of the leagths of
segients ol one chord is equal to the product of the lengths of semments of the
other chord;

if two secants are drawn to a circle from an external point. the product of the
lengths of one secant andd its external segient is equal 1o the produet of the
lengths of the other secant sd its external segment.

The comverses ol the above statements are stated in the following theoremms and a

corollary,

Theorem 7.9, 11 a line segment subtends equal angles at two other points on Lhe same
side of it then the two points and the endpoines of the segment are coneyelic.
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Cilven ¢ Faual angles ZAC 1 and ZAD arve subtended by A5 on
Lhe soome side of A3,
To prove A B, C, D are coneyelic.
Proof . Let the virele through A, 8. be drawn,
Suppose I is not on cirele ABC.
Then £ mnst be either inside or onside the civele,
I 12 s inside the circle, produce AL to meet
the cirele at £,
I L2 s oniside the civele, let & be the intersection point
of AL and the cirele,
Join 2 and E.
In both cases, ZACH = ZARD,
Bt ZACHB = ZADB,
LELADB = LAKD.
This is nppossible because 312 s not paadlel to BE.
20 must be on cirele ARC
SoAL B B are coneyelie,

Theorem 7.10. The cirele deseribed an the hypotenuse of a right triangle as dinmeter
passes throngh the opposite vertes

Cliven s MNARC s noripht triangle with ZAC3 = 907,
Civele AR is deseribied on AT as disineter
Tovprove @ Cirele AED passes thiroongh €
Proof 2 O the eivele, take any point 12 on the same side of AR as €

Juin AL, B,

125
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SLLADB = 90° (angle subtended by a diameter)
ZACB = 90 (given)

LLACEB = ZADB

So A, B, C, D are concyelic.

Therelore circle AEB passes through C.

Theorem 7.11. If a pair of opposite angles of a quadrilateral are supplementary, then
the quadrilateral is eyclic.

Given o ABCD is n quadrilateral and ZB 4 2D = 180°.
To prove @ ABCD is cyclic.
Prool . Draw circle ABC and take any point £ on the circle.

Join AE, CF.
Then A, B, C, E arc concyclic.

SEB+ZE = 180°
IB+ LD = 180° (given)
LD = 2R

So A, D, E,C are concyclic.

Hence D lies on circle AEC.

Since, 13 also lies on circle AEC,
then A, B,C, D lie on the same circle.
Therefore ABCD is eyclic,

Corollary 7.12. If an exterior angle of a quadrilateral is equal Lo the oppesite interior
angle, the quadrilateral is cyclic.

D c

E
]

Given : ABCD is a quadrilateral with ZCBE = £D.
To prove : ABCD is cyelic.
["rool » ZODBE+ Z/CBA = 180°
Since LZOBE = 2D, then 2D 4 ZCBA = 180°.
Therefore ARCD is cyclic.
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We say Lhat two line segments intersect internally at.a point if the interseclion
point is between the endpoints of Lhe segments. We say that two segments Intersect

externally atl a point il the intersection point is outside the endpoints of the segments

when prodoced.

Theorem 7.13. II two segments interseel (internally or externally). so that the product
of two new parts of one segment is equal to the product of two new parts of the other

segment, Lthen the endpoints of the original two segments are concyelic.

D C
B -
B -
C o [

Given o A and C'D intersect (internally or externally) at P,
AP-PB =CP-PD

A, B C, D are coneycelic.

Join AC and BD.

In AAPC and ABPD
LAPC = ZBPD

AP cpP
AP — PP
PD - PB [+=AP-FPB =0F PD)
LAAPC ~ ADPB (SAS)

LALPAC = LPDB

To prove
Proof

o ALB O D are coneyelie,

Example 7.
. Prove that BCEF is a

In the given figure, £ZA = 407, £ = 30° and ZAFE = 85

eyclic quadrilateral.
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Ciiven T LA =40° LD = 30° and ZAFE = 85°.
To prove @ BCLEF is n cyclic quadrilateral.
Prool : In ABFD,

LB+ 20D = ZAFD

LB = ZAFD-ZD
= B§° —3(° =55°
In AAEF.
LOCEF = ZAL+ZAFE
= 40° 4+ 85 = 125"
LEB+ LZCEF = 55° 4 125° = 180°,
s BCER is a cyelie quadrilateral.

Example 8.
In the given figure, ZDAC = ZDBC and ZAEB = ZACB. Prove that A, B.C. D
and £ all lic on one cirele.

Given 2 LDAC = ZDBC and ZAED = ZACH
To prove AR, C D and £ all lie on one circle.
Prool  ZDAC = £DBC (given)
So A3, D ave coneyelie,
ZAEDB = ZAC'E  (given)
So A B,.C,E are caneyclic,
Therelore D and £ lie on unigue cirele ABC
Henee AL B C D and £ all lie on one cirele.

Exercise 8.2

. ABC is o trinngle inseribed iooa civele and D8 the tangent at A. A line drawn
parallel to [y meets AR, AC at F G respectively, Prove that BEGC is evelic.

2. AABRC s asealene acute trinngle snch that A < AC. P € and 1 are midpoints
of the respoctive sides, 115 is the Toot of the perpendicular from A Lo BC', prove
that POQRS is eyelic.

3. Twa incongruent circles P2 and @ inderseet at A and 2. A line BDC is drawn Lo
ent the cirele 2 at 3 and cirele € at C, and such that £ BAC = 90°. Prove that
AP 15 ovelie.
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=]

4

1.

ABC is a trinngle in which AfF = AC. P is a point inside the triangle such that
LPAR = ZPBC. (@ is a point on BP prodnced such that AQ = AP. Prove
that ANCQ is eychie.

CTwo eireles intersecl al A and B30 A straight line CAD is dreawn meeting one

circle at C' and the other at D0 CB and DB are joined aml produced to meet
the cireles al B and F'orespectively, I CF produced and DE produced meet at
G/, prove that the points 8. F, G, I are coneyelic.

. Two incongruent circles /7 and @ intersect at A and D). A straight line BDC is

deawn o meet the cirele P at £ amd circle @ al O, aid such that Z8AC = 907,
Prove that APDOQ is eyvelie.

. Two cireles literseet al A andd 12 A point P2 s taken on one so that 24 produeed
1 |

weets Lthe other at (1 The tangent al @ anl the tangent at P2 meel in 5. Prove
that PHOQS is cycelic.

AR s adinmeter of a circle and CBD is tangent to the cirele at 8. AC and AD

cul the civele al & and I respectively. Prove that ', D, G, I are cancyelie

I SABC, A = AC s any point on BC and Y oany point on AP The cireles
BEY and CPY ot A8 and AC respectively s X oand 2. Prove X Z || BC.

Twir eireles interseet al A and B Through 13 twa straight lines POX and QBY
are drawn meeting one circle at 0 Q and the other at X, Y, and such that
LZPADR = ZY Al Prove that PB - 8X = QB BY.

S ADC s triangle inowhich AN, Y, CZ are the perpendicular from vertices Lo

the opposite sides 10 the perpendiculars meet at O, prove that
AO-OX = RO - ()Y =C0-0)Z.

Al is o diameter of a circle and AL 15 a chord of the civele. From any point. ¢

on AB produced, the line perpendicular to A meets AL produced at £, Prove
ithat AE - AD = AB . AC.

1




Chapter 8

Areas of Similar Triangles

8.1 Areas of Similar Triangles

In the Grade 10 Text book, we learned the properties of similar triangles. In this
chapter we will learn the relationship between the areas of two similar triangles. Here
we use the symbol “a” for the area of a triangle.

Theorem 8.1. The areas of two similar triangles have the same ratio as the squares
of the lengths of any two corresponding sides.

A

-
M

i

e

a(AABC) AB* AC* BC?

If AABC ~ ADEF, then =(ADEF) ~ DE? =B = B

iven: AABC ~ ADEF
To Prove: afl AABC) : ol ADEF) = BC*? ; EF?
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Proof: AABC ~ ADEF(given)

AB BC
Therefore £B = 4K, — = —
ierefore DE

Draw AM 1| BC and DN 1 EF

-

1

o(AABC)  3BC-AM  po ap
o(ADEF) — 1lpn py  EF DN
2

In AABM and ADEN
LB = £8 (proved)
ZAMB = ZDNE (rt.angle)
AABM ~ ADEN  (AA corollary)
AM  AB

" DN DE
BC

EF
_a(AABC) BC BC _ BC?
" al(ADEF) EF EF ~ EF?
e, a(AABC) : a(ADEF) = BC*: EF°.

Corollary 8.2. The ratio of the areas of two similar triangles equals to the ratio of
the squares of any two corresponding altitudes.

A D

| |
: :
| [
2 ¢ A—h

I M

a(DABC)  AM?
a(ADEF) ~ DN*

If AABC ~ ADEF, then

Corollary 8.3. The ratio of the areas of two similar triangles equals to the ratio of
the squares of any two corresponding medians.

121

131

1



132

Grade 11 Mathematics Text Book

A .
/N /D\
B g C E Gl Rl i

a(AABC)  AG?
a(ADEF) ~ DH?*

IFTAABC ~ ADEF, then

Corollary 8.4. The ratio of the areas of two similar triangles equals to the ratio of
the square of any two correspouding angle bisectors.

/‘N i
B R C E S ¥

alAABC)  AR?
alADEF) ~ D§?

If AABC ~ ADEF, then

Example 1.

The bases of two similar triangles are 2.5 em and 3.5 em, respectively. The area of the
smaller triangle is 3.75 em®. Find the area of the larger triangle.

Solution

Two given triangles are similar.

a(smaller trinngle) (2.5 5 25
aflarger triangle)  (3.5)2 7 49

But a{smaller triangle) = 3.75 em?.

3.75 25

" alarger triangle) - 19
3.7H x 49

25

a(larger triangle) = = 7.35 cm?.
Example 2.

The area of two similar triengles are 56.25 em? and 42.25 em? respectively. Find the
ratio of their corresponding altitudes.
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Solution A _
| D
1
i I
1 I
:_I i
B M ¢ E e F
let AABC ~ ADEF. AM L BC and DN 1 EF.
ol AABC) AM?
" o(ADEF) ~ DN?
56.26  AM? AM? 225 AM 15
4225 = DN?' DN? 169° DN 13
AM:DN = 15:13.

Example 3.

In APQR, QR = 16 em. The point ¥ on PR is such that PY = 3em, YR = 5 cn.
The point X on PQ is such that XY || QR. Find the length of XY
If a( APXY) =6 cm?, then find o( QXY I?).

Solution

Since XY || QR,APXY ~
rPY

PR

3

8
XY =

a(APXY)  PY?
a(APQR)  PR?

APQR. Jem

Xy X ¥

Q_R Scm
XY

16 2 R
3 % 16 @ [6cm

8

= { cm.

(APXY ~ APQR)

e
T8 64
a( APXY) 9
a(APQR) —-a(APXY)  64-9
a( A PXY) 9
o(QXYR) 55
6 9
o(QXYR) 55
_ _ 6x55 110 2 ,
sa(QXYR) = 9 —?—Sﬁgcm.
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Example 4.

AABC is an isosceles right triangle with ZA the right angle. £ and D are points on
opposite side of AC, with E on Lhe same side of AC as B, such that AACD and
ABCE are hoth equilateral. Prove that a(ABCE) = 20(AACD).

Given: AABC is an isosceles right trinngle
with right angle at A, AACD E
and ABCE are both equilateral. &
To Prove: a(ABCE) = 20{AACD)
Proof: Since AACD and ABCE D

are equilateral, they are similar.
. olABCE)  BC?
T a(AACD) T AC?

In the isosceles right ABAC, BC = 2AC.
. o(ABCE) _ (V2ACY

Ta(AACD) T AC?T T
Hence a( ABCE) = 2a(AACD).

Statement

The ratio of the arcas of two triangles having equal bases (altitudes) equals the ratio
of the corresponding altitudes (bases).

B G c 3 i o

In AABC and ADEF, if bases BC = EF, then SOABC) _ AG

C o{ADEFY T DH

In AABC and ADEF, if altitudes AG = DH, then

a(AABC)  BC
n(ADEF) — EF

Example 5.
In @O, PA is a tangent to the cirele at A and PBC is a secant segment. Prove that
AB*  PB
cA? PO
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Given : In @0, PA is a tangent to the circle at A and PBC is a secant

To Prove ;

Prool : In APAB and APAC

segment.

AB: _ PB
cAr  pPC

a = fi (alternate segment)
ZP = £P({common angle)

APAB ~ APCA (AA corollary)
AB PR PA
CA~ PA~ PC
ﬂi‘i_@xﬂ_ﬂ_f’ﬂxf‘f‘l_f’ﬂ
CA2 CA CA PA PC PC

Exercise 8.1

. ABC and BDE are two equilateral triangles such that D is the midpoint of BC.

Find the ratio of the areas of triangles ABC and BDE.

AABC is bisected by a line PQ drawn parallel to its base BC. In what ratio
does PQ divide the sides of the triangle?

A straight line drawn parallel to BC of AABC cuts the sides AB, AC in the
ratio 2 : 3. Find the area of the triangle thus cut off, if the area of the whole
Lriangle is 72,25 e,

. In trapezium ABCD, AB is twice DC' and AB || DC. Il AC and BD intersect

at O, prove that a(AAOB) = da(ACOD).

. Two chords AC and 8D of a circle intersect at O.

Prove that a(AAOB) : a(ACOD) = OA? : OD2.

PA and PD are the tangent segments at A and B Lo a circle whose centre is O.
Prove that a(APAB) : a(AOAB) = AP? : AO*.

In the higure AR = 12 cm, DC = 6 cin, and E is the intersection point of AC

and BD. Find the ratios A

(a) a(AEFC): a(AABC) i3 D

(b) a(ABFE): a(ABCD), 2 .
125 B F C
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8.

10.

1.

12.

A
. In the figure, ZAPQ = £C, AP :BP=3:1 ¢
and AQ: QC =1:2.1f AQ = 2,
find the length of AP and the ratios of p
(a) a(AAPQ) : a(AABC) B c

14.

16.

In AABC, [} is a point of AC such that AD = 20D, E is a point on BC such
that DE || AB. Compare the areas of ACDE and AABC. If o (ABED) = 40,
what is a{AABC)?

cAn APQR, ZP =90° and PS L QR. If QR = 3PQ, prove that

S = 8QS.

ABC is a triangle such that BC : CA: AB =3:4:5. f BPC,CQA, ARB arc
equilateral triangles, prove that a{ABPC) + a(ACQA) = a(AARB).

B
In the figure, AB = 6em, AC' = 9em, and
D ig a point on AC such that ZABD = ZACB.
Caleulate AD. Given that a(AABD) = 10em?,
caleulate a( AABC). i i <,

ABCD is a trapezium in which AB | CD and ZADB = ZC. Prove that
AD?: BC? = AB:CD.

(b) a(AAPQ) : a(BCQP).

ABC is a triangle. 1If BPC,CQA,ARB are equilateral triangles, and

a(ABPC) + o(ACQA) = a(AARE) then prove that ABC is a right triangle.
EB

. In the ligure CG 1L AE, DH 1 BE and 84 = — I CG =6,DH = 8 and

e T ED
AB = 35. Find &

) A(AACE)
@) (ABDE)

/N ﬂ
_ A G
(b) a(ABDE). \I/
D

ADX and BCX are two segments such that ZBAC = ZBDC. Prove that
(AABX)  AB?

B
aACDX) ~ CDE
[
A D X
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17.

18.

19.

20.

21,

22.

23.

24.

ABCD is a segment and P a point outside it
such that ZPBA = ZPCD = ZAPD.

a( ) AB?

a(APCD)  BP?

Prove that

A B c D

OHABC is inseribed in a cirele. Straight lines are drawn through B and C parallel
to CA and BA respectively, to meet the tangent at A in [J and £. Prove that
DA_AB_ AB?

AE EC ACY

I acute angle AABC, AD and BE are altitudes.

If a(ADEC) = gu{&ABC). prove that ZACDB = 30°.

A, B,C, D are four points in order on a circle O, so that AB is a diameter
and ZC0D = 90°. AD produced and BC' produced meel at £. Prove that
a{ AECD) = a( ABCD).

A, B,C, D are four points in order on a circle O, so that A is a diameter. AD)
produced and BC produced meet at E. If a(AECD) = a(ABCD), prove that
DC = V2A0.

In AABC, AD and BE are altitudes. If ZACB = 45° |
prove that e(ADEC) = a(ABDE).

ABC is a right triangle with ZA the right angle. £ and D are points on oppaosite
side of AC, with E on the same side of AC as B, such that AACD and ABCE
are both equilateral. If o ABCE) = 2a(AACD), prove that ABC is an isosceles

right. triangle.
#

In the diagram, P is the point on AC, p

such that AP = 2PC, R is the point

on BP such that BR = 3P and

QR || AC. Given that a(ABPA) =32cm?®,  f o A
calculate a{ABPC) and a(ABRQ).

. In AABC, £A =9 , PQ 1 BC.

NAC =3,BC =5 and CQ =3,

then find a{ ABPQ) : a( APQC). b
n/ C




Chapter 9

Introduction to Vectors

A scalar quantity is one which has only magnitude but a vector quantity is one
which has both magnitude and direction. For example, distance and speed are scalar
quantities, and displacement and velocity are vector quantities. In this chapter, the
students will mainly study geometric vectors.

9.1 Geometric Vectors

A geometric vector is a directed line segment. A geometric vector can be represented
as: a line with an initial point and a terminal point.
B
Fig. 9.1 represents a geotnetric vector with initial point A
and terminal point B, This geometric vector is denoted by AR,
The magnitude of E is the length of the line segment AB and

denoted by IEI (simply by AB).

Fig. 9.1

(_'}s'v.nuurl,ri:: vectors will also be denoted by small letters with over-right arrows, o,
b, ¥, ete. From now on, we will use the word “vector” instead of “geometric vector”

Definition. Vectors are said to be parallel if they have the same direction or opposite
directions.

Definition. Two vectors are said Lo be equal if they have the same magnitude and
the same direction.

The symbal ‘=" will be used to indicate this equal relationship.
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In F‘% 9.2, ABCD is a parallelogram. Therefore

- D C
and ;13 B / > /
A > B

Fig. 9.2

Definition. A vector having the same magnitude as
@ but a direction opposite to that of @ is called the
negative of @ and denoted by —@.

BA and AB have t]m same magnitude but the direction of BAis opposite to that

of Eﬁ Thus I?_;;

Deﬂmtmn A vector whose magnitude is zero is called a zero vector and denoted
by U

Addition of Vectors

Let @ and D be two vectors. After placing the m;_t}ml point of b on the terminal
point of @, the sum of @ and b denoted by @ + b, is a vector whnse initial point
is the initial point of @ and terminal point is the terminal point of 3.

Triangle Rule:

= C
— AB and b = BC, then @ + b = AC, o
See Fig. 9.3. That is, 2 x° L
AB+BC = AC. =

Since a triangle is formed by @, b oasd @ _f?, we A
say that vectors are added according to The Triangle
Rule.

Parallelogram Rule:

= E and T:} = E, then @ and _b} have
the same initial point A. Produce a parallelogram
ABCD as shown in Fig. 94. DBy properties of
parallelogram, E = BC'. Hence

@+ B =AB+AD = AB + BC = AC,

which is a diagonal of the parallelogram ABCD.

Fig. 9.4
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Sinee the result, A_]_} -+ AD = AC is formed by using parallelogram ABC D, we say that
vectors are added according to The Parallelogram Rule.
ek il - — - — — . s 3+
Since DC* = AB then b 4+ & =AD 4 AB = AD + .C!(.i" = .—1()' =W+ 0.
Example 1.

ABCD is a quadrilateral. Simplify the Ful!m-.uu:. -
(i) AB + BC. (i) (AB + BC) + CD. (i) BC 1 OB (iv) AB + (BC + TD).

Is (AD + BC) + CB = AB + (BC + CD)? D

i

Solution ¢
(i) AB + BC = 71?
(ii) (E+E?] +CD=AC+CD = AD
(iii) B-:’.;—I—(’[S BD A Jzi

(iv) E% [B(-P' 1 C_D)}—;Ti"i BD = AD
By (ii) and (iv), (AL + BC) + €D = AB + (BC + CD).

From the above t.mmplu we can drop ofl the brackets Lo find the '-uun of three vectors,
i.e., the vector sum AB+BC+CD = (AL}hL W E_]j AB + (BC (BC + C_'ﬁ) = _{5
1 Inm we ean deduce the following rule.

Polygon Rule:

I A AyAy .. A ds aclosed polygon, then

) ; » > )
A!‘d".f + “12*‘11‘. + *‘13'41 doeee 4 Au - i"qu = Alﬂﬂt

ane

r1|fl;-| .‘1;1:1; - 5!11-*----4 A 1111 + A, fll = “)

Ah I ‘Jlll
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: — - _ - -3,
For vmi.:ﬂﬁ @ and b, @ — b isa vector dnhll}ﬁ‘l by @-b=7a4(-b). The
vector @ — b is ealled the difference of @ and b .

Construct parallelogram ABCD as shown in figure.

- DB = DC+CB i _,_f‘;---"}’c
- mlm . < > -~ '_,
= AB+(-AD) T 2 ,"_b
s A= ATH /i
= @-0 A o

Example 2.

ABCDEF is a regular hexagon and G is the common point of intersection of the

diagonals. If Al = 7, BC = T:} exXpress (ﬁs._ EC and CA in terms of @ and b
Solution

(':'5 = Eé 4+ (ﬁﬁ (by the Triangle Rule)
= BA+BC B D
=~ -AB+BC

B

E:‘é = }LTJTS + EP (by the Parallelogram Rule) ;
~ AB+CH
— AB+ (-BO A @ B

_.-,;_}
= - b

gt = et B

1 ; agem B e £l
Properties of Vector Addition: Let a. b and ¢ be vectors,

. . . —¥ -} i
(i) Vector addition is commulative, i.c.. d+b=0+7.
25 g ; = z % = Zy
(ii) Vector addition is associative. ie.. @ + (b + @) =(7 + b))+ ¢.
(1ii) Zero vector s the additive identity, Le., @ + U = d. lor ench vector «.

. I Egs ) = —3
(iv) - 7 is the unique additive inverse of @, ie.. @ + (- )= 0.
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Multiplication by a Scalar

The product of a vector @ by a scalar k, denoted by kd, is a vector whose
magnitude is |k| times thai of @, and whose direction is the same, or opposite to
that of @, according as k is positive or negative.

-3a

/ 2@
@ / 3=
1 ¥l
/z'ﬁ'
Note that

() 0@ =0, (1)@ =-a and kU = 0 for any scalar k,

—
(ii) two nonzero vectors @ and b are parallel if and only if @ = kb, for some
nonzero scalar k, and

(iii} the points A, B and C are collinear if and only if Al - h..{—i'a for some nonzero
scalar f.

Properties of Multiplication by a Scalar
If k, k, and k; are scalars, then

(i) ki(ke @) = (kyha) @, (Associative Law)
(i) (k1 + k)@ = by @ + kv @, (Distributive Law over Addition of Scalars)
(iii) k(d + ?] =kd + k_b}, (Distributive Law over Addition of Vectors)

Example 3.

In quadrilateral OABC, D is the 1||i4!|1:}:inl, of BC and G is a point on AD such that
AG : (E}D =2:L HOA= ), OB = b and OC' = @, express OD and Cﬁ in Lerms
of @, b and 7.
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Solution i B
D
0D = OC+CD C
Ch = %E}Iﬁ (D is the midpoint of BC)
- %{55+5§)
= %Eo‘%o_ﬁ:—%a_c‘ﬁ_ﬁ 2 4
~.0D = fﬁ-%%ﬁ%iﬂi -(ﬁ+-(i§ 17:’ é_a}
OG = OA+AC
AC = giﬁ (-AG:GD=2:1)
— (A0 +0D)

- Jeoh o - 1ok 100

~0C = m_ngFg(ﬁ (ﬂ { **+;_b’)=l??+,1’*+

—
3 b

r....
| =

Theorem 9.1. Let @ and b be nonzero and nonparallel vectors, If h@ = A-Tf. then
n=k=I.
Proof i i
: 3 'y ~
Suppose that i # 0 and & # 0. Then n #0and @ = v b. Hence @ and b are
1
parallel. This contradicts to the hypothesis nf the th:m’un Hence at least one of &

and k must be zero, say k = 0. Then hd =k b =0 b . 0. Since @ # 0, h must be
zero., Therefore h = k = 0.

Cor ulla.ry 9.2. Let @ a.nd b be nonzero and nonparallel vectors.
Ifthd+k b =md + n.b then h =m and k= n.

Proof
hd + k-!; = ma +ﬂ?:
hd —md = u};} - k?
(h— m]lﬂ’ = (n— L)E}

h—m=0 and n—-k=0 (by Theorem 9.1)
h=m and n=k
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Example 4

For nonzero .r!.llti nonparallel vectors @ and h it is [.,jw*u that @ = 5@ + 4D,

7 =3 -band @ = (h— kD + (b + & 4 . P = 2@ - 37, ;
enle |||n.w the values of h and k.

Solution

W = 2 - 3%
(2h— k)@ +(h 4+ k+3)D = 257 +48)-337 - 5)
2h—k)@ +(h+k+3)0 = 107 +8b —9@ +30
2h— kYR + (h+k+3)D = @+17D

By Corollary 9.2, 2h — k=1 and h+ k + 3 = 11.
Solving these equations, we get i = 3 and & =

Exercise 9.1

_— s sop B
L. In the figure ()f} b and ()( = . Make the
q
point E and F such that oL = !; i OF = —2¢ b
F‘i||d_,__i11 terms of h and ¢ Lh{- veclors ﬁ W
and EF. 0 = c

2. ABCD is a parallelogram. Let © be the pnmt of mlrmm tion of Lthe diagonals
and M be the midpoint of AB. 1T (Tfi @ and t’_;: = -’: fin f_a aud ﬂﬂ}
terms of @ and b .

3. 1F 7 is a point inside a parallelogram ABC D, prove that ;T’i + ﬁ = _’E'—i- Fﬁ
4 In AABC, P is the midpoint of the side BC and Q is a lmlul on the side AC.
Given that EIR) &A + BA = [n’_} show that C'Q = —(_'.-I.

5. ABCDEF is a regular hexagon and & is the common point of intersection of the
— ] -
dingonals. Prove that ﬁ + .ﬂ'll?' = r.-fi 15.

6. 1.[1‘-( DEFGH is o regnlar nrlngnn If m i, ;‘37 = —h}, findd {ﬁ I_h't I'.u"}
’{1 (n"? —i in terms of @ and n’)

7. In AABC J" I8 lln‘ midpoint of AC and :’ is a |]IJ1I]L on, median C'D such that

OF - FhD = M A -?; =7 and .r”j = b lind z”!f I f an Lﬁ Henee show
that B 1 is; i ‘illul}{hl line.

1
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8. OPQR is a parallelogram and O£ is produced to S such that O8 = 30R. If Y
is a poinl on OQ such that OQ = 4 }'(j show that ¥ lies on PS.

9. 1 is given Ilmt d and b Are NOnZero and nonparallel vectors.
IF 37 + x( b - T =y(d + 2.’1] lind the values of & and y

10. For nonze ro a and nmlpm allel vectors o um] Uit is given that o = 37 + HJ .
T =4 7 — h and 7 = hd + (30 + k) ii mlu:hm- Lhe value of k and of &,

9.2 Applications to Elementary Geometry

After we have studied the vector concepts, we can apply these to solve problems in
plane geometry.

Example 5

Show that the quadrilateral formed by joining the midpoints of the sides of a
quadrilateral is a parallelogram.
Solution

Let ABCD be a quadrilateral and PQ,R,S be D i C
midpoints of AL, BC, CD, DA, respectively.
By polygon rule,

AB+BC+ B4 DA - T ,
PB + Eﬁ?}-q-zm-l- oDg = T

PE+BQ+RD+ DY = © A P B

PQ+RS = 0
PQ = -R$
PO = Sh
S0, PQ = St and Q) || SR.
Hence PQRS is a parallelogram.

Example 6.

In AABC, C'B is produced to Z such that BC = BZ. The point X is the midpoint of
AC and the point Y is on AB such that BY = ;]iBA. Prove that X, Y, Z are collinear,

w,
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Solution
~ XY = XA+AY
= éﬂ%ﬁ
= é((ﬁhﬂ“éﬁ
1 1 2 A
= 153—1.-1 +—2'£-1_§ X
= 2 3 ¥
= “PBe-LH
2 6
B C
YZ = YB+B2
" é_1§+cT!}
= cﬁ+%ﬂ3’
XY = Y2

So, X, Y, Z are collinear.

Exercise 9.2

1. In trapezium PQRS, SR || PQ and SR = %PQ- If T is a point on QS such that

QT : TS =3: 1, prove that PT || QR.
B ¢
2. In the figure, MC = 2MA
and MD = 2MB. Prove that
DC || AB and DC = 2AB. i

3. In the figure, P, Q and R are points on A
the sides of AABC such that BP = 2PC,
QA = 200 and AR = 2RB. Prove that
PQRB is a parallelogram. R Q

B P C

4. P is the midpoint of the side CD of a parallelogram ABCD. If AP and BD
intersect at @, prove that DQ = %DB.
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5. The median AD of AABC is produced to K so that. DK = 3AD. If G is a
point on AD such that AG : GD = 2: |, prove that BKCG is a parallelogram.

6. Prove that the diagonals of a parallelogram bisect each other.

7. Prove that if the diagonals of a quadrilateral bisect each other, then this
quadrilateral is a parallelogram.

8. Prove that the line joining the midpoints of two sides of a triangle is parallel to
the third side, and of half its length.

9.3 Position Vectors

Definition. The position of the point P relative to the origin O is denoted by op.
This vector E‘ is called the position vector of .

A
In Fig. 9.5,
OA+AB = OB ' B
et E = (ﬁ - Oj ) O
Thus, for any points A and B, E can be represented Fig. 9.5
by position vectors, i.e.,
AB = OB - 04
Example 7.

The posilion vectors of three points P, Q and R, relative to the origin O, are 2@ + TI},

TR = 2-.’;} and hd + 53} respectively. Express ITC:' and ﬁﬁ in terms of @ and I:} If
P, @ and R are collinear, find the value of h.

?Juu:i;%+?,hﬁ=37?—2T.’,5§=ha’+5?
PO = 00<-0P=3d 28 - @8+ TB)=F =30
PR = OR-OP=h@+5b - (2@ + B)=(h—-2)@ +40
If P, @} and R are collinear,
@ = ka!:' for some nonzero scalar &
@-30 = k[(h-2 +47]
2 -3F = kh-2)2 +44 D
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By Corollary9.2, we have

k(h—2)=1and 4k = -3.

Solving these equations, we get
2
h=—.
=3
Example 8

T|1r, pnmuml vectors of A, B, P, relative to the origin O, are @, b and . If

7= -{3‘[? Y ), caleulate the ratio AP : PB.
Solutmn

7= 562-7)
o7 = 3@ -1
P = 3@—27
PB = OB-OP
= T-9
= 3729 -7
= 37 -37 =3(¢ - 7) = 3(0A — OP) = 3PA
- PB = 3PA
" AP:PB = 1:3

Il

Theorem 9.3 (The Section Formula). Let A, P, B be three collinear points with
P divides AB such that AP: PB=m:n. If @, 7, b are position vectors, relative
to the origin O, then

7= ——I—[m? +nd).
m+tn

Proof
AP:PB = m:n
nAP = mpPPB
nApP = mPR .+ A, P, B are collinear)

H{E}‘?’ - (T‘i] = ml[l’_jﬁ - 575]
n@g-d) = m.(TJ} -7
ng —nd = mb - my
(m+n)g = m? +nd
7 = ﬁnb+n7}

7u+ﬂ
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Corollary 9.4 (Midpoint Formula). Let P be the midpoint of AB. If @, 7, '
are position vectors, relative to the origin O, then

?=53+?;

Proof
Since AP = PB, we have AP: PB=1:1.

1
ST = (T +17) = 5@+ 7).

Example 9.

The paqltmu vectors of points P and @ relative to an origin O are 2@ + 3 b and
3¢ +7 I respectively, and R is a point on PQ such that PR : R_? =2:3. Find the
position vector of R, relative to the origin O, in terms of @ and b

Solutjon - -
—23@+3b and0Q =37 +78
PR:RQ=2:3
By section formula,
OR = —H{'JG_Q'Hﬁ} - -(63’4-14 b+6@+95) = -(12?+23 )= 23‘5’

Example 10.

The position vectors of A, B and C, relative to the origin O, are 37 +27, —57 - 37
and i? ¢ respectively. M is the midpoint of AB, and the point N is such that

W == —A(’t Find MN in terms of 7 and 7.

Solution
OA=37 433,08 =-57-37 O0 =42 -7
Since M is the midpoint of AB,
2T %{(ﬂ+(ﬁ]=%{3?+23’—5?‘—3ﬁ‘)=—#—%?
AN = JAC=3(OC-04) = 5047 -7 -37 —29) =19 - 7
ON-0A = ;7-7
- ON = %'if—-?+f)_.-“=%7—?+3f?+2?=??+7

~MN = W~W=%?+Ti‘+?+%ﬁ'=%§?+g?
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Example 11.

Prove by vector methods that the medians of a triangle are concurrent.

Solution

Let D, E,F be midpoints of BC,CA,AB,
respectively.

Let G, H and K be points on AD, BE and CF,
respectively such that

AG:GD=BH HE=CK: KF=2:1

m%m%[g (m.m)] - LAB+ 1ac

3

1
Similarly, HT"? = %_ﬁ 4+ %A

. AC = AH = AK.

That is, G, I{ and K are identical.

Hence the three medians AD, BE and CF meet at one point.
Thus the medians of a triangle are concurrent.

(EB’+E)=%I3’+%R‘

L
3

Exercise 9.3

1. The position vectors of three points P, Q and R are 07 — fl_f.r}, AR - T: and

5@ — 3? respectively. Express @ and Cﬁ in terms of ‘@ and b. Are P,.Q
and R collinear?

2. The position vectors of A, B, P are o, T}) and 7. Calculate the ratio AP : PB
if 7 has the following values,

L " v g 2=
(1}E{ﬁ+2b} [ll}gtf—gb

3. The position vectors of A, B and C are 2 — 7, k7 + ¢ and 127 + 47
respectively. Calculate the value of k if A, B and C are collinear.

4. The position vecE}mr:; of A, B and C are @, ¥ and 2 respectively. Find ¢ in
terms of @ and b for each of the following cases,

()3AC =CB (i) AB =4BC  (ii)3BC =5CA  (iv) AC = —2CB.
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E‘_ﬂ

10.

The po&:Lmn vectors of points P and @ relative to an origin O are 2d +5 5 and
3d -7 b respectively. A is a point on PQ such that PH REQ =1:3. Find the
position vector of R, relative to O, in terms of @ and 7.

In AABC, F is the midpoint of median AD and E is a pmnt on AB such that
AE:EB=1:3. AL = @ and BD = b, find BF, EF and AC. Is EF || AC?

In the diagram, P is the midpoint of OA and
Q lies on AB such that E == 1@? Given that
—57 and OB = = 107 . express the followings
in t%ss of 3 and ¢t . E

(i) A (ii) B _Cé (iii) {ﬁ %w] BP Q
Given that ﬁ ABP and OC = p0Q, evaluate

0 B
A and g
OPQR is a parallelogram and PQ is produced to S such that PQ = 3QS. T is
a point on OP such that OT = ~OP, and D is the point of intersection of OQ

and T'S. If 0T = @ and OR = 3_.'1} find the ratio of OD and DQ).

A

. OABC is a trapezium with Eﬁ —Cﬂ and D is a point on OA such that

oD = r—lOA' If OB and C'D intersect at (, find the ratio CG : GD.

If G is the centroid of a triangle ABC, show that
() AB+ AC =3AC, (i)GA+GB+GC=1.
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9.4 Two-Dimensional Vectors

In a Cartesian coordinate system, a vector can be
represented by column matrix, later we will eall
column vector.

For a point Pz, y) in the Cartesian coordinate
system, the position vector of the point P(z,y) can
be written as {ﬁ = ( = ) By using Pythagoras

theorem, we get

0P| = 0P = VaT v 2.

Text Book

Definition. A vector with magnitude 1 is called a unit vector,

For a nonzero vector ?;’, the unit vector in the (same) direction of @, denoted by

a, is given by & = l—%‘c?.

In Fig. 9.6, the coordinates of { and J are
(1,0) and (0, 1) respectively,

m:%:(l)mdaj=ﬁ=(n)

0 1
are known as the standard unit vectors in
Cartesian coordinate system.

The position vector of the point P(x,y) can be

represented by the standard unit veetors, ie.,

(ﬁ=m+fﬁ=m§+y}.

’f‘“
J..‘n 1%
. L=rRE Y
7 < ¥
Ol 7 (0)

Fig. 9.6
Y
BE-------- P, y)
3 E

— X

o It A

So,
£ N R r
y =TFt+y]
Also,
—-(ﬁ;:-—(a?i-i-yj)=-:ﬂi~—yj
Hence,

=l
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For any scalar k&,

kOP = k(zi+yj)=kei+kyj.
Thus,

For two points P(z,y) and Q(u,v),

fﬁ+(ﬁ={xi+y3]+(u;+vi] = (z+u)i + (y+v)3.

()+(2)-(G3),

Therefore,
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Produce a parallelogram OPQR. Then m — OF We have known that
@ = 0@ — OP. Thus PQ can be represented by a position vector (ﬁ with
terminal point R(u — x,v —y) :

- (2)-(;

y i it
Fi 3 | E b E : [
! +—f-4
$ . |
Q(u, v) | L
0 >X | -' Al
Rlu-z,v-y) |
R ]
| =
.
Example 12.

Let the coordinates of the points P and @ be (2, 3) and (g, 2q) respectively. Given
that @ is a unit vector, calculate the possible values of .

Solution
P(2,3) and (g, 2q) are given.

.'.@:(3)&11(]%:( g )

2 J°

.-.ﬁf':@—ﬁ:(2‘2)_(3)=(2ﬁ?:2&)

Since m is & unit vector, F&} =1,
Vig—2)2 +(2¢ - 3)? 1
P —dg+4+4* —12+9-1 = 0
5¢° —16g+12 = 0
(5g — 6)(g — 2) 0
_6 .
q= r or g =
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Example 13.

The coordinates of P, Q, and R are (1,2),(7,3) and (4,7) respectively. Find the
coordinates of S if PQS is a parallelogram. "

Salution

P[l 2), Q(7,3) and 1(4,7) are given.

ot~ (1).04- (1) - (1) g

Since PQSH is a parallelogram,

PQ = RS
0Q -0P = 05 -0k P Y Q
08 = 0Q-0P+0On

= (3)-(3)+(3)
- (1)
- (%)

Therefore the coordinates of S are (10, 8).

Example 14.

The coordinates of A, B and C are (1, 2), (7, 1) and (—3,7) respectively. If
(_(" ki m + k (ﬁ where h and k are constants, find the values of h and k.

Solution

OC = hOA+kOB

(7) = #(2)++(1)=(a)+ (%)= (=)

Sh+Thk=-dand 2h+k=7.

By solving these equations, h =4 and k£ = —1.
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) and (

Example 15.

[ g
o

The position veetors ol the points L and M are ( ) respectively. Find

o |

a
e )

the unit veetors parallel to Eﬁ

Solution

a=($)m|rlt)ﬂ —(r;)
bt =ost-at-(3)-(3)-(3)

Let a be the nnit vector in the direction of Lr"-j.

3
= ! 3 o
= .utf=ﬁ;.:‘( ):
lma o o U e 1
5
3 4
_ e i ] i 5
So the unit vectors parallel to L!'r; Are i = il —-a =
1 1
5 5

Example 16.
The position vectors of A and I are ( {[1 ) ael (

2 ; - b
9 ) respectively. Given thint ¢

; )g find the value of £ wd the ratio AC : O 8.

i

lies on AL and has position vector (

Solution

—5 1 g 12 oo 21

U;’I_( 1y ) OB = ( 5 )muI{JL— ( ; )
since C' lies on A8, then A, ¢ and 83 are collinear.
Lot ,fi(-)' = h O, for some nonzero sealar fi.

OC-04 = J’:.{{TJ"; ~ f?}
2 1 o 12\ (2
I g g T R e TN g
A4\ _ 1220 _ (12020
bl )T By g T ( W — th
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Thus 2t —4 = 120 — 2th and ¢ — 14 = 28 — th.

-4 N 12 — 2th

‘T—1  2h—1th )
T A | _ 12 — 94
=4 ey

1 —2* — 84 = 124 —212 _ 168 - 28L
8 —8 = 401 — 168
32t = 164

I = &

Substituting t =5 int — 14 =2h — th
a—14 = 2h—5h
ho= 1
o AC = 3CH
Lo A0 = 368
 AC:CB = 3:1

Example 17.

The vector t—'ﬂi has the magnitude of 39 units and has the snme direction as 5 4- 127,
The vector OB has the magnitude of 25 units and has the same direetion as —3i 4 417.
IExpress fJJ and f)a'} in terms of ¢ and § and find the magnilude of 211‘}.

Solution X ) )
Let 7 = 5 4 127 and Tr? = —3z 4 4;.

17l = Vo8 + 122 = V160 = 13
1 Biom =
- :_?;_r.” e
7 ”?I; |..'iI:H + 124)
_'t By 3 1 s . s
G4 = 380 '=30 L—*{az + 1?_;}] = 13 4 3G
(7] = V=34 = V35 =5
i = o d = (-3 )
= —ff = =(- :
T -
| : : ; 2
- OB = 955=25 [;—(v-!ii b m} = - 15 + 20j
AB = OB -O0A=—15 F 205 — (157 + 365) = —30i — 16
I!_ﬂ:'el ~ =302+ (—16) = V1156 = 34
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Example 18.

Prove that the sum of squares of diagonals of a parallelogram is equal to the sum of
squares of four sides of the parallelogram.

Solution
Let ABCD be a parallelogram with AD = ( ; ) C

and .Tﬁ = ( : ) Then

|ﬂ3‘ = /x? + y? and f!_ﬁl =vVul4+v?.
m=m+m:(;)+('*):(x+'=) A
Also '

v y+v

]

si-si- - (3)-(2)-(;72)

I
y v y—v

’R| = /(z+u)? + (y+v)? and Iﬁl =/(z—u)?+ (y—v):

. 2 2
AC? + DB* = ]R‘i +|ﬁl
= (z+u)? +{y+v)?*+(x—u)*+ (y —v)?

227 + 2u® + 27 + 207
= 2* + %) +2(u* +47)

2 2
= 2|ETJ’| +2IEB
= 2AB* 2407
= AB*+CD*+ AD* + BC* (- AB=CD and AD = BC)

LIS
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o

8.

10.

Exercise 9.4

. ABCD is a trapezium such that E?f = 24B. If AB = ("21 ) and

ﬂﬁ — ( 1::' ) find the magnitude of —8

. The coordinates of points P, @ and R are (1,2), (7.3) and (4. 7) respectively. If

PQSR is a parallelogram, find the coordinates of S by vector method. I PS and
Q1 meet at T, find the coordinates of T' by using vectors.

Given that P = (4,—9) and Q = (—8,3). If R is the midpoint of PQ and S is
6

[ = L

—_

the point such that RS = find the coordinates of the point 8.

ABCD is a parallelogram with Hﬁ = 21 + 5 and ﬁ = 8i + 14j. Find E If

I} has the coordinates (3, 7), find the coordinates of the point £ of intersection
of the diagonals.

- - —¥ - ~ - -
I®d=-i+2j, b =3i+5] and ©? = i+ 67, calculate the modulus of the
following vectors.

() @+20 +2¢  (i)30-30 447 ()32 +66 - ¢

. The coordinates of A and B be (2,5) and (3, 4) respectively. Find the unit vector

# in the direction of AR If R(x,y) is any point on the line containing AB, and
;Tﬁ = hp, find the relation between r and p.
The vector (ﬁ has a magnitude of 20 units and has the same direction as

.
( ]; ) The vector O_é has a magnitude ol 20 units and has the opposite

direction as ( j

). lixpress OP and @ as colmmmn vectors and find the unit
veetor in the direction of ﬁj

A, B and C are points with position vectors 1435, 22457 and ki —47 respectively.
Find the value of k if A, B and C are eollinear.

i o ; 2 —1 .
The position vectors of the points A and B are ( I ) anel ( 5 ) respectively.

Given that U” = )\ﬁ} express the position vecior of P in terms of A, Find the
value of A such that (ﬁ?’ is parallel to ( g )

Prove that the bisector of an interior angle of a triangle divides the opposite side
imernally into a ratio equal to the ratio of the other two sudes of the trinugle.
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Chapter 10

Trigonometry

Trigonometry deals with the measurement of sides and angles of a triangle. It has been
widely used in Astronomy, Surveying, Geography, Physics, Navigation etc.To study
trigonometry, the student should already be acquainted with the theorems on similar
triangles. Only then will they find it easy to understand the definition of trigonometric
ratio. In every branch of higher mathematics, whether pure or applied, a knowledge
of trigonometry is of great value. In this chapter, first we introduce circular measure
of any angle. Also, compound angle formulae and its related expansion formulae are
expressed. Finally, we express the derivation of Law of Sines and Law of Cosines.

10.1 Trigonometric Ratios of Any Angle

Consider a circle of unit radius with its centre at the origin of the XY -plane.

AY
(0, 1)
P(z, y)
6 h
(-1,0) 0 A(T, 0)
0,-1)
Fig 11.1

Suppose a point P is started at A(1,0). OP rotates through an angle
the positive X-axis, counter clockwise if 6 > 0° and clockwise if
We can locate the exact position of P for any spe
we  shall continue around the circle passing through
angle 6. Now to every value of § there is associate

0 in degree from
0 < 0°.

cific value of 6. If 8 > 360°,
(1,0) until we reach required
d a point called the terminal point
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P(z,¥) which is the point of interscction of the terminal side and the cireumference
of the unit cire le, we define the six trigonometrie ratios fur f) as follows:

g0 = — o £ 0

cosf =
sinf =y

1 x
tanf = ‘—/-,:17 # 0 cot@ = — y #0

3 (/3
According to the above definition, we can sce from Figure 11.1, that

—1<cos <1 and -1<sinf<1

The signs of £ = cosf and y = sinf depend upon the quadrant in which P(z,y) lies.

g
Second Quadrant First Quadrant
e
cscd (+)
other (—) L x
O 7
cot@ (+) sec@ (+)
other (—) other(—)
Third Quadrant Fourth Quadrant
10.2 Negative Angles
. v
A((IJK 1) W(O‘ <
- P(z, y)
N \(z y) e—~\g
- > X
) (-1,0) Ve (1,0
1,0 PINY / (1, 0)
7 '
Q= y)
m/) Q' Y) © 1)
1

Consider a unit circle with a point P(z,y) and OP rotates through an angle 6 from
the positive X-axis. Under the reflection in the positive X-axis, the point P is mapped
onto the point Q(x’, y').
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From the figure,
cos(—0) = z'=z=cos b,
sin(—0) = y =—y=—sin 0,
’ ——
tan (—0) = y7 =Y = _tan 0.
T z

Consider a unit circle with a point P(z,y) and OP rotates through an angle 6 from
the X-axis. Under the reflection in the Y -axis, the point P is mapped onto the point

Q', ¥). Y

From the figure,

cos(180° — 0) = a' = —z=—cos 6.
sin (180° — 0) = 3 =y =sin 6,

tan (180° — §) = y—,=—y—=—tan 6.
z -z
Similarly, we can derive the followings.
sin(90°+ 0) = cos 0, sin (180° + #) = —sin @,
cos(90° + §) = —sin 0, cos (180° + 0) = — cos 6,
tan(90° + 0) = —cot 6. tan (180° + 6) = tan 6.
Also, sin(270°— 0) = —cos @,  sin(360° — 0) = —sin @ ,
cos (270° — §) = —sin 6, cos (360° — 6) = cos #,
tan (270° — §) = cot 4. tan (360° — 0) = —tan 4.

10.3 The Basic Acute Angle

The acute angle between the terminal side of a given angle and the

. X-axis is called
the basic acute angle. The basic acute angle is a positive angle.

Example 1.

Find the basic acute angle of
(a) 150° (b) 210° (c) 300° (d) —140° () —35°
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Solution

(a) (b)

/\Y

Grade 11

(o

ol

150°
300K -
0

The basic acute angle = 30°

(c)
AY

N

30°\

The basic acute angle = 30°

AY

5

The basic acute angle = 60°

(e)
AY

—>X

35°

O [N-35°

The basic acute angle = 35°

Example 2.

40°

o

— 140°

The basic acute angle = 40°

Using the basic acute angle, find the six trigonometric ratios for the obtuse angle 135°.

Solution

135° is in the second quadrant, with basic acute angle 45°.

The cosine ratio is negative and the sine ratio is positive.

153
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So
V2 350 = —
c0s135° = —cosdie ==,  secld’= V2,
2 LD
sin135° = sin4h° = —\g-——, csc 135 = \/57
tan135° = —tan4b® = —1, cot 135° = —1
Example 3. v
Find the value of cos(—60°). T
Solution .
—60° is in the fourth quadrant, with basic acute angle 60°. X
Cosine ratio is positive. . ONY-60°
.. cos(—60°) = cos 60° = 3
Alternative Method

cos(—60°) = cos 60° = % (using an identity for trigonometric ratios of negative angles)

Note: The trigonometric ratios of an angle § can be formed by following steps:

(1) Determine the quadrant in which angle 6 is in.

(2) Find the basic acute angle.

in which @ lies.

(3) The trigonometric ratio of angle € is equal to positive or negative value of the
trigonometric ratio of the basic acute angle. The sign is determined by the quadrant

10.4 Trigonometric Ratios of 0°,90° 180°, 270°, 360°

Consider a circle of unit radius with its centre at the origin of the X Y-

plane.
I\Y
(0, 1)
S R R 5 P(cos @, sin 8)
[ 0°190°|180°| 270°| 360°
. - b N
sind | 0] 1 0 1 0 (~170) ) T >X
cos@ | 1 -1 0 1
tan@ | 0 | * 0 *¥ 0
(* means undefined) 0,-1)
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Example 4.

Find the values of z,0° < z < 360° for the following equations.

(a) sinZ = 5 (b) cosz = 5 (c) tanz = —1
Solution
(a) Since sinx = A ’\Y
z lies in the third or the fourth quadrant.
Since sin 30° = l, ﬂ-\\ —X
2 30° Ox< 30

the basic acute angle is 30°.

Hence z =180°+30° or z = 360°— 30°

z = 210° or = 330°
1
(b) Since cosz = 5
z lies in the first or the fourth quadrant. 2

Since cos 60° = 1
the basic acute angle is 60°.

Hence z =60° or z = 360° — 60°
z=60° or x=2300°

™\

(c) Since tanz = —1, AY
z lies in the second or the fourth quadrant.
Since tan45° = 1,
the basic acute angle is 45°. 45 '\\

Hence z = 180° —45° or z = 360° — 45° Q 45°

g = 135° or z=315°

Example 5.

Solve the equation cot?z cosz = 3cosz for 0° < z < 360°.

Solution 2
cot?’zcosx = 3cosz
cot?zcosx —3cosz = 0
cosz(cot’z —3) = 0

cosz =0 or cot’z—3=0

cosz =0 or cot’z =3

cosz =0 or cotT = +v3
IfCOS:l::O’ then z = 90° or 270°.
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If cot z = v/3, then z = 30° or 210°.
If cot z = —v/3, then = = 150° or 330°.
. 2 = 30° or 90° or 150° or 210° or 270° or 330°

Exercise 10.1

1. Using the basic acute angle, find the six trigonometric raticc))s of
(i) z =120° (i) z = 210° (i) ¢ = —30°  (iv) = 300",
2. Find the values of §,0° < 8 < 360° for the following equations.
(i) sinf = __‘_? (i) tan 6 = —/3 (iii) cot @ = V3
V2
(iv) sin(20 — 15°) = —\;E (v) cot(20 + 30°) = —1 (vi) sec30 = 3

3. Find the exact values of the followings.

(i) ese(—150°) (ii) tan210° (iii) sin(—135°)
(iv) cot 120° (v) sec(—30°) (vi) cos 225°
4. Find the exact values of the followings.
(i) tan750° (i) cos(—780°) (iii) csc(—765°)
(iv) cot 240° (v) sec330° (vi) sin(—660°)
5. Solve the following equations for 0° < z < 360°.
(i) 2sinzcosz =sinz (ii) cos? z — cosz = 2
(iii) cosz = 2sin’z — 1 (iv) 2cos’z =sinz + 1

6. If a + B + v = 180°, prove that
(i) cos(a+ B) =sin(270° =)  (ii) cos ot

(iii) cot % — tan(180° + a—;r—ﬂ).

7. Prove that tané + tan(180° — 6) + cot(90° + 0) = tan(360° — 0).

P _ sin(180° - %)

8. Prove that
sin(90° + 8) cos(180° — ) cot(270° + 6)
= sin(90° — 6) sin(270° — @) cot(90° +6).

156



Text Book i ‘
Mathematics Grade 11

10.5 Further Trigonometric Identities

(a) Compound Angle Formulae

g;ﬁisdj(? Bl)r‘:z»d“;t(la lil)lifi radilﬁl, centred at the origin of the XY- plane. Then the
1V, »1) l1e on the circle. Let P(z,y) = i

Th ¢ P i 2, y) = (cos B, sin B).

e point P is reached from O by moving a distance alo’ng OA and a distance

y parallel to OB, that is
r\ (1 0
(5)=+(0) ()

Consider now 2.1 roteftion_ of the plane about O, through an angle o in the positive
(counterclockwise) direction, in which ZA'OB’ = 90°, A moves to A’(cos @, sina) and
B moves to B’(—sina, cos a), while P moves to P’ . ,

AY 7~
B(0,1) B| P, ¥)
. P(z, y) 1 ’
y P

B s
0 JA(Y,{)() v A

Then P’ is reached from O by moving a distance z along OA’, and a distance y parallel
to OB’ , so that the position vector of P'(z’,y’) is given by

(x’ ) (cos a) (— sina)

=z . +y

Y sin cos o
__ [zcosa n —ysina
“ \zsina Y cos &
_ [zcosa— ysina
~ \zsina+ ycosa

(cos B cos a — sin Bsin a) _ (cos acos B — sin asin ,B)

cos Bsina +sin fcosa sina cos 3 + cos asin 3

represents the terminal point of the angle & + 8 and has
. Corresponding these two forms for the coordinates

Since ZAOP' = a+ 8, P
coordinates (cos(a+ﬁ), sin(a+ﬂ))
of P/, we find that

cos(a + B) = cos acos 3 — sinasin 8
sin(a + B) = sin acos 3 + cosasin 8
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Consequently, cos(a— ) = cos (a+(~B))
cos acos(—5) = sin asin(—p)

= cosacosf + sinasin 3,
sin(a + (—A))

sin a cos(—f3) + cosa sin(—p)

= sinacos — cosasinf.

]

sin(a — B)

cos(a — ) = cos a.cos 8 + sinasin f
sin(a. — B) = sinacos f — cos asin B

We can also prove that

_ tan a +tanf _ tan & —tanf
tan(a + B) = [ —tanc tanp and tan(a—B) = 1T tanc tenf
Indeed, n (@ + )
sin (a +
tan(a-i—ﬂ) = m

sin a cosf + cosa sinp
cos a cosfB —sina sinf

sin @ cos  cosa sinf3

= tanfa+ ) = cos a cospf cos c'osﬁ _ tan @ +tanf
cos o cosf3  sina sinf 1—tana tanpf
cos a cosf3 "~ cos a cosf

(b) Double Angle Formulae

From the formulae for compound angle, more identities can be derived.
If a = A, then by using compound angle formulae,
sin(a + @) = sinacosa + cosasine, cos(a+a)=cosacosa —sinasina
d tan(a + a) _ tan o + tan o
s 1 —tanatana’

Therefore,

cos2a = cos® o — sin’ «

sin2a = 2sinacosa | cos2a =1 — 2sin’ o tan 2a =
co82a = 2cos*a — 1

2tan o
1 - tana

(c) Half Angle Formulae
Using cos2a=1-2sin*a and cos2a=2cos?a~1,

: 1 —cos2a 1
we have sina = 5 and  cos? o = Lt o8 2
2 .
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] 1-
Then sSina==% ;0820 and cosa::_}-1/1+02032(x.
o [l1—-cosa / ‘
It follows that smi_.;}: : and cos% _— 1+;o<.;a

. : . Q a
Note : The signs of sin ) and cos 3 depend on the quadrant in which 2 Jies.

2
. 2@ .« a
Since 2sin 2—1—cosa, 2sm5<:os§=sina and 2cos2%=1+wsa,
e 4 = Q o
" _Slﬂ'z— 2sin? — " sin% 25in£21-cos—§
o = o= and tan— = = ‘
2 cos— 2singcosg . 2 cosS 2co<322
2 2 2 2 il
%o m'ngzl—cosoz_ sin o
2 sin 1+ cosa
Example 6.

Prove that sin(z 4 y) sin(z — y) = sin? z — sin?y.

Solution
sin(z + y)sin(z —y) = (sinzcosy+ coszsiny)(sinzcosy — coszsiny)
= sin®?zcos?y — cos? zsin’y
= sin?z(1 —sin?y) — (1 —sin®z) sin’y
= sin?z —sin® zsin*y — sin®y + sin® zsin’y
sin®z — sin®y
Example 7.
V6 + 2
Prove that sin 75° = cos 15° = —

Solution

sin75° = sin(45° + 30°)

— sin 45° cos 30° + cos 45° sin 30°
VI3 vVE 1 _ Vo+V2
2 5t 2 4

. B+ V2
cos15° = cos(90° — 75°) = sin 75° = 4
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Example 8.
B = _3 for 0° < B < 360° and that angles o

If sina = _3 for 0° < a < 360°, cos
(a 4 B) and cos 2c.

and B are in the same quadrant, find the values of sin

H AY
Solution RY
a 5 f“\ﬂ — X
4 f\ —3 X Y10
>0 12
3 3
- (=4,-3) (- 5, - 12)

Angles o and f are in the same quadrant, with both sina and cos 3 being negative.
So they lie in the third quadrant.

4 12
From the figures, cosa = ~ and sinf= T
sin(a + ) = sina cos § + cos asin 8

3 5 4., 12 15 48 63
=R T stes T
3 18 7
= —_ in2 == ——2 —_— 2 = _—— o J—
and cos2a= 1—2sina=1-—2( 5) 1 55 5%

Alternative Solution

Angles a and S are in the same quadrant, with both sina and cos 8 being negative.
So they lie in the third quadrant.

_ 3 9 16 4
2a=1—-sinfa=1—-(—-=)2 =1— — == . = —=
cos’a=1-sin‘a ( 5) 95 = 95 -.Cosa= =
. 5 25 144 12
28=1-cos?f=1-(——=)2=1— o =22 .ging = _%
sin” 3 cos’ 3 ( 13) 1 169 — 169 c.sin B o
..sin(a + B) = sinacos B + cosasin
_, 3 ) 4, 12, 15448 63
SRR T =R
and cosQa:l—Zsinza=1-2(—§)2=1——1—§ =L
5 25 25
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Example 9. !
: I.f s;n:c = a, Whe_lre Z is an acute angle, express the following in terms of a.
(i) sin2z (ii) cos 2z (iii) sindz (iv) cos 4z

Solution

. . — 2 »
Since sinz = a, we have cos?z = 1 ~ gin2z = 1 — 42

scost =+v1—a? ("' g is an acute angle)
(i) sin2z =2sinzcosz = 2av/1 — a2
(i) cos2z =1—2sin%z =1 — 942
(ili) sindz = 2sin 2z cos 2z = 2(2av/T — &) (1 — 2a?) = 4a(1 — 2a%)v1 = &
(iv) cosdzr = 1—-2sin’2z =1-2(2ay/T—a?)? = 1— 8a?+ 8a
Example 10.

Express cos 3z in terms of cos z and hence find the values of sin 18° and cos 36°.

Solution
cos 3z = cos(2z + )
=cos2zrcosz — sin 2z sinz
= (2cos’z — 1) cosz — 2sin®zrcosz

=2cos®z — cosT — 2(1 —cos®z)cosz =4cos®z — 3cosx

If z =18°, then 5z = 90°. So 2z = 90° — 3z. |

c.sin2z = sin(90° — 3z) = cos 3z
2sinzcosz = 4cos®r —3cosz
2sinz = 4cos’z—3 (.. cosz = cos18° # 0)
2sinz = 4(1 —sin’z) -3
4sin’z 4+ 2sinz—1 = 0
, —2+v4+16 —-1x5
sinz = 8 = 3

Since 18° is an acute angle,

~1++5
sin18° = 4

° 6 -2v5 V5 +1
cos36° = 1-2sin*18° =1-2(——) = ,
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Example 11.

(a) Express cosz + sinz as single trigonometric ratio and hence solve the equation:
cosz +sinz = 1, for 0° < z < 360°.
(b) Express v/3cosz - sinz as single trigonometric ratio and hence solve:

V3cosz —sing = —1,0° < z < 360°.
)

Solution
. 1 1 .
a) cosT+sSInx =y2(—=cosz+ —sinx
(2) V2( 7% 7 )
= v/2(sin45° cos z + cos45°sinz) = V/25in(45° + z)
If cosz +sinz = 1, 0°<z<360°%
then V2 sin(45°+z) = 1, 45°< 45°+z < 405°.
1
sin(45° +z) = —
( ) 7

sin(45° + z) - = 'sin45° or sin 135° or sin405°
45° 4+ =45° or 45°+z=135° or 45° 4z =405°

x =0° or z=90° or z = 360°
(b) V3Bcosz —sinz = 2(—? COST — —;—sinx)

= 2(cos 30° cos z — cos 60° sin z)

= 2(cos 30° cosz — sin 30°sinz) = 2 cos(30° + )

If +3cosz—sinz = -1, 0°<z<360°
then 2cos(30°+z) = -1, 30° <30°+z < 390°
cos(30°+2) = —:,12— = cos 120° or cos 240°
30°4+z=120° or 30°+z=240°
z=90° or z = 210°
Example 12.

Express asinz — bcos z as a single trigonometric ratio, where a and b are positive.
Solution

asint — bcoszx

a b
= a2+ b? | —=——==8InT — ——=—=cosz
7T (e ) N
= v/a? + b2(sinasinz — cos acos z)
= —+v/a? + b?(cos z cos & — sin  sin a)

= —1/ 0,5 +b2(503(2' + a)
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10.

11.

12.

13.

Exercise 10.2

. Prove that sin(z + y) sin(z — y) = cos? y - cos? z.

cota cotf —1
cot S +cota

Prove that cot(a + f8) =

Prove that cos 75° = sin 15° = [g-z-[z and tan75° = cot 15° = 2 + V3.

Prove that cos(45° + A) + sin(A — 45°) = 0.
Prove that 2sin(45° + o) cos(45° + ) = cos(a + ) + sin(a — B).

Express (i) sin 3z in terms of sinz and (ii) tan 3z in terms of tanz.

Prove that cos(a + 45°) = {g(cos a —sina).
Prove that 2sin(30° — ) = cosz — /3sinz.

3
Prove that cos® z +sinz =1 — 2 sin? 2z.

1 3
Given that sina = 1—5,0° < a < 360°cos 8 = —5,0° < B < 360° and that a
and B are in the same quadrant, find without using table, the values of

(i) sin2a (ii) cos% (iii) cos2f (iv) sin® g

Given that o is acute and cosa = z, find, in terms of z, the values of

; .
(i) tan®a (ii) sin 2ax (iii) cos 4o (iv) sin 35
Express the following as single trigonometric ratios.

(i) sinz — cosz (ii) 5cosz + 12sinz
(iii) acosz — bsinz, where a and b are positive.

Find all solutions of (i) sinz — cosz = —1 for 0° < x < 360°.
(i) v3sinz + cosz = 0 for 0° < z < 360°.

(d) Product-to-Sum Formulae

From the compound angle formulae

sinacos B +cosasinf = sin(a+ f) (1)
ginocos B —cosasinf = sin(a — B) (2)
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By adding and subtracting equations (1) and (2), we get
2sin a cos B = sin(a + ) + sin(a — B)-
2cosasin 8 = sin(a + ) — sin(a — B)-

Again,
- cosacos B —sinasing = cos(a+p) 3

cosacosB +sinasinf = cos(a—P) (4)
By adding and subtracting, equations (3) and (4), we get
2 cos acos 3 = cos(a + ) + cos(a — B)-
2sin asin B = cos(a — B) — cos(a + ).

(e) Sum-to-Product Formulae |
sinfa+pB) = sinacospB + cosasinf (5)
sinfa — 8) = sinacosf — cosasinf (6)
By adding and subtracting, equations (5) and (6), we get

sin(a + B) + sin(a — 8) = 2sin a.cos 5.
sin(a + B) — sin(a — B) = 2cos asin §.

Let A=a+f8and B=a- 8.

Then 2 =A+Band23=A—-B.

Therefore, a = 4 +8 and 8 = A- B..

Substituting these values in the above two equations, we get

sin A +sin B =2sinA;-B cosA;-B
sinA —-sinB = 2cosA+BsinA-B.
_ 2 2
Also, we can derive
cosA+cosB=2cosA;BcosA;B
cosA—cosB = —231nA;BsinA;B

Example 13.

Express the following in the form of a sum.
(a) 2cos(30° + 6) cos(30° - 0) (b) sin(2a - B) cos(2a + B)
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Solution
(a)  2¢0s(30° + 6) cos(30° — 9)
= c0s(30° +6 + 30° ~ 0) + cos(30° + 0 ~ 30° 4 9)
= COSGO° +cos20 = —;— +vcos20
(b)  sin(2a — B)cos(2a + B)
1, . 9 .
= E(Sln( a—ﬁ+2a+ﬁ)+sm(2a-ﬂ-2a—-ﬂ))

5= —;—(sin 4a — sin 23)

Example 14.

Express the following in the form of a product.

(a) sin(30° + ) + sin(30° — «) (b) cos(a + 28) — cos(a — 2)
Solution

(a) sin(30° 4 &) + sin(30° — @)

=2Sin(30 +a+30° — @) COS(30 +a;30 + a)

= 2sin 30° cos o

1
=2x§cosa
= cos & _ 4
_ata . 28+28 L
(b) cos(a + 28) — cos(a — 28) = —2 smaza sin 'B; F_ —2sina sin23

Example 15.

Find the value of sin 106° — sin 46° + cos 104°.

Solution xr
152° . 60°

sin 106° — sin 46° + cos 104° = 2cos -5 sin 5
2 cos 76° 5in 30° + cos(180° — 76°)

+ cos 104°

= 2X -;—cos76° — cos T6°

= 0

Example 186.

Prove that sin? 7z — sin? 2z = 8in 9z sin Hzx.
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Solution
sin? 7z —sin?2z = (sin7z + sin2z)(sin 7z — sin 2r) - b
-2z Te+2x , (T— 4%
- (2 sin Tz -;- 2z cosL)(z cos — sin —— )
b5r
= (2sin %’_’ cos %)(2&)5 22_32 sin -2-)

5z S5z
= (2sin %x_ cos 223—:)(2 sin — €os —2—)

2

= sin9z sin b5z

Alternative solution

sin9z sinbz = —%(cos(gx + 5z) — cos(9z — 5z))

= ——;—(cos 14z — cos4zx)

= —%(003(2 x Tz) — cos(2 x 27))

= —%(1 — 2sin® 7z — 1 + 2sin’ 2z)

= —%(—2 sin® 7z + 2sin’® 2z)

= sin?7z — sin? 2z

Example 17.

If a + B + v = 180°, prove that sin2a — sin2f —sin2y = —4 sin a cos 3 cos 7.

Solution

sin 2a — sin 23 — sin 2y

2 cos(a + B) sin(a — B) — 2siny cos7y
2 cos(180° — ) sin(a — ) — 2sin-ycos
—2cos%y sin(a — f) — 2siny cosvy
—2( sin(a — B) +siny ) cosvy
a—B+y a-B—vy

2 e 2 ) cosy

. a+y=08  a-(B+
-2 (2 sin 5 cos ('2 7)) cos 7y
180° — 23 2a — 180°
co

2 S 2 COs 7y

—43in(90° — B) cos(a — 90°) cos y

—2(2sin

0S8

—4 sin
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= —4sin(90° - B) cos(90° - a) cosy
—4 cos Bsina cosy

I

Example 18.

If o+ B+ = 180°, show that

cos2+cos-6-+cos1.—_4cosﬂ. Y s 2T 2t B

2 2 2 4 ) 1
Solution
ﬁz’ycosa:'ycosa:ﬁ
187 — o (2cosa+7 o a"‘ﬁ)

4 cos

= 2cos 1 cos

4 4
18°—a( a+B+y+a . y—p
—— | co

4 ( S 4 + cos 2 )

180° — o 180° + o v—B

. 180°—a  180°+a 180°—a -8
= 2cos g s+ 2 cos S

o o __ 180° _ (=} o __ _
_ oo (180 +a44-180 a) . (180 +a4180 +a)+20081804 acos'y4[3'

360° 20 B+y -8
1 +OOST+ZCOS 1 cos 1

2 2
=(:0590°+cos%+cos£—+cos?ﬁ _

oo ® tcos ) +cos?
—0082+(>os2+cos2

= 2¢c0Ss

= 2cos

= COS

Exercise 10.3

1. Express the following in the form of a sum.
(a)2sin40cos 28 (b)2cos46sin30 (c) 2cos 60 cos 40 (d)2sin46sin 106

2. Express the following in the form of a product.
(a) sin 69 + sin 26 (b)sin 76 — sin 39 (c) cos 560 + cos 36 (d) cos 116 — cos 50

3. Find the value of cos40° + cos 80° + cos 160°.

4. Prove that sin? 9z — sin® 3z = sin 12z cos 6z.

5. If a + 8+ = 180°, prove tl‘mt T
8in 2a 4 sin 28 + sin 2y = 4sin asin Asiny.
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6. If a + B + v = 180°, prove that

tan—tanl 7

2 2 2

4

a
+tan—-tang+tan-tan—= 1.

2 2 2

7. f a+ B + v = 180°, prove that
6082a+coszﬂ+cm27+2cosacosﬂcos7 =1,

8. If a + B + v = 180°, prove that

sing+sin + si Y
2 g TS

180° —a . 180° -7 .

180° — vy

— £ sin
2= 1+ 4sin 1 sin 1 4

Text Book

10.6 The Law of Cosines and The Law of Sines

There are some important relationships between the parts of a triangle. We will study
two of these, namely, the law of cosines and the law of sines.

The Law of Cosines

If AABC is an arbitrary triangle with angles @, f, -y and corresponding opposite sides

a, b, ¢ respectively, then Z — 1 b
b = 2 +a%—2cacosfB
e = a+¥ - 2abcosy
Proof :
Case(i) ZA is acute angle.
In right AADB, — ap =cosa
" AB . D
AD = ABcosa = ccosa o
In right AADB, BD? = AB? — AD?
In right ABDC, BD? = BC? — D(C?
Therefore,
BC? — DC? = AB? — AD?
. BC®> = DC?+ AB? - AD?
= (AC — AD)*> + AB? — AD?
= AC?-2AC.AD + AD? + AB? — AD?
= AC®+ AB?-2AC . AD
> = B+ - 2bccosa

Similarly, we can prove that

b =a’+c% -

2accos 3
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Case(ii) ZA is obtuse angle.

In right AADB, f_“_’Z
AB

AD

In right AADB, BD?

In right ABDC, BD?

Therefore,
BC? — DC?
BC?

Mathematics

It

Grade 11

cos(180° — a)

AB cos(180° - )
~CCOS ¥

AB* — AD? L
BC? - DC*? D

h

AB? — AD?

DC? + AB? — AD?

(AC + AD)? + AB? — AD?

AC? + 2AC . AD + AD® + AB* — AD?
AC? + AB? +2AC . AD

a’ b® + ¢* + 2b(—ccos )
a® = b+ —2bccosa

Similarly, we can prove that

b2 = c? +a? — 2cacos B and & = a? + b2 — 2abcos .
The Law of Cosines is used when we are given either
(1) two sides of a triangle and the included angle or

(2) three sides of a triangle.

The Law of Sines

If AABC is an arbitrary triangle with angles o, 3, v and corresponding opposite sides

a, b, c respectively, then

C

a b _
sina sinf  siny’
sina  sin sin 7y
Equivalently, = ——b—ﬂ— =
Proof
Case(i) ZA is acute angle.
= sina

ight AADB 25
In right ' 1B

ABsina = csina

BD =
BD .
In right ABDC, B0 sin 7y
BD = BC'siny = asiny
Therefore, asiny = ¢ sin o
a/ _ _€
sin & sin-y
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b
sina  sinf’
Case(ii) ZA is obtuse angle.

: BD : 5
In right AADB’_/_{E = sin(180° — a)

BD = ABsin(180° — @)

Similarly, we can prove that

csin o
: BD .
In right ABDC, BC = sinv
BD = BCsiny=asinvy
Therefore, asiny = csina
a
sina  siny’

b

Similarly, we can prove that = —_—.
¥ P sina sinf

b e
sina  sinf8  siny’
The Law of Sines is used to solve the triangle when we are given
either (1) two angles and one side or
(2) two sides and an angle opposite to one side.

Hence,

Example 19.

If a="7,b=>5 and ¢ = 8, find the values of ZA and ZB.
Given that cos 38°44’ = 0.7857, sin 38°44’ = 0.6257.
Solution

By the law of cosines,
a’?=b+c*—2bccos A

g rr-a +48-7 40 1 _ &
= T ok T 2xbx8 80 3
LA =60°
B_c2+a2—b'~’_82+72—52_ 88 11 o
BT = Toae T T2x8x7 . 2x8x7 14 = c0s38°44
LB = 3844,
Example 20.

If a =6,b= 13 and ¢ = 11, find the greatest angle of the triangle ABC. G
cos 84°47 = 0.0909, sin 84°47 = 0.9959.

iven that

Solution

Since the greatest angle is opposite to the greatest side, the required angle is B
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By the law of cosines,

B = a®+ c? — 2accos B

2
ceosB = LFE-P 1461y 12 1
2ac 2x11x6 2% 11 x6 11
s.cosB = —0.0909 = — cos 84°47 = COS(180°—84°47') = cos 95°13’
. ZB =95°13".

Example 21.

Solve the triangle ABC with ZA = 78°32, ZC = 71°28' and b = 4.

(sin 78°32" = 0.9800, sin 71°28' = 0.9481, cos 78°32' = 0.2000, cos 71°28' = 0.3179)
Solution |

£B =180° — (LA + £C) = 180° — (78°32' + 71°28') = 30°.

By the law of sines,

a b
sinA  sinB
bsin A 4 sin 78°32’ 4 !
e = — = 2032 _ 2x09800 _ 5, 0.9800 = 7.8400
sin B sin 30° 5
c b
Agai =
ga, sin C sin B
i in 71°28’ 4 x (0.9481
= lomb  Asmil oy L A X Oy kNGBl = T.584E
sin B sin 30° 5

Example 22.

AABC is an arbitrary triangle with angles a, 3,7 and corresponding opposite sides
a, b, c respectively, then prove that

a = bcos~y + ccos .

Solution
Since o + B + v = 180° , we have a =180° - (B+7).

. gsina = sin(180° — (B+7))
-~ sina = sin(B+7)

- sina = sinfcosy+ cosfsiny
sin B8 sin 7y i
: = cosfBreeree
v sinacos7+sina P (1)
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By the law of sines,
a b ¢
sina  sinf  siny’
sin 8 b siny c
Thus - = — and - = -,
sina a sin a a

Substituting these values in Equation (1), we get

b c
1 = —cosy+ —cosf
a a

s.a = bcosy+ ccosp.

Alternative solution

There are two cases.

Case(i) 4B is acute angle.
Draw AD 1 BC.

In right AADB,
BD
AB
BD = ABcosf3 =ccosf3

= cosf3

In right AADC,
DO
AC
DC = ACcosvy=bcosvy

= CcosYy

..a=BC=BD+ DC =ccosf3+bcos7y .
Case(ii) £B is obtuse angle.
Draw AD 1 CB produced.

In right AADC,

bc = CO08 i
ac 7 *
DC = ACcosy=bcosy i
al
In right AADB, b
ge o cos(180° — 8
AB )

DB = ABcos(180° - B) = ccos(180° — B)
.a=BC=DC~-DB = bcosy—ccos(180° - B) = beosy + ccos 4.
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prove that (b+¢)cos A+ (c+ a)cos B + (@a+b)cosC=a+b+e.
Solutg)n __ b e
Let = A~ sinB _ snC k.(k= constant)
Then a = ksin A, b =ksinB and ¢ = k sin C.

s (b+c)cos A+ (c+a)cos B + (a + b)cos C
= (ksin B + ksin C) cos A+ (ksin C + ksin A) cos B + (ksin A + ksin B) cos C
= k(SinBCOSA+SinC'cosA+sinCcosB+sinAcosB + sin A cos C + sin B cos C)
= k(sin(A + B) + sin(A + C) + sin(B + )
= k(sin(180° — C') + sin(180° — B) + sin(180° — A))
=ksinC + ksin B + ksin A
=c+b+a

10.7 Bearings

The four cardinal directions are North (XN), South(S), East(E) and West(W). In the
figure shown below, Northeast(N E), Northwest(NW), Southeast(SE) and Southwest(SW)
are the inter-cardinal directions.

(] N N 20\°
A bearing of N 20° E means an angle of 20 1 N20°E

measured from the N towards E. 205
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N
A bearing of S40° E means an angle of 40° T
measured from the S towards E .
W E
40°
S40° E
S
. Na
A bearing of N 50° W means an angle of 50° N50° W
measured from the N towards W . 50°
174 E
S

Bearing quoted in the above way is always measured from N and S, but not from E
and W. There is a second way of stating a bearing in which the angle is measured from
N in the clockwise direction, with N being reckoned as 0°. Three figures are always
stated, for example 005° is written instead of 5°,035° for 35° etc. East will be 90°,
South will be 180° and West will be 270° are shown in the figure.

N N N N
IgV g
331°

Example 24,

A bridge is built across a small lake from a point A to a point B. The bearing from
the point A to the point B is S45°W. There is a tree 100 metres from the point A.
The bearings from the tree to the points 4 and B are S75° E and S30° E respectively.
Find the distance from the point A to the point B.
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Solution

N

C
Tree o 100m 1

30° a

45°

B
B

Let AB be the distance from the
v =T5°—30° = 45°
a = 180° — (45° + 75°) = gQ°
B = 180° — (45° + 60°) = 75°
By the law of sines,
AB  AC
siny sin 8
 AB— AC;’ sin y
sin 3
_ 100 x sin 45°
~ sin75°
100 x /2

_ 9
V6 + 2

4
_200v2  VB-v2
CVEB+V2 T VB-2
_ 200v2(v/6 — v/2)

4

= 100(v/3 — 1) metres.
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Ambiguous Case

The case in which two sides and an angle opposite to one are gi\f.'en 18 Ca“?d ?he
ambigious case because there may be no triangle, one triangle or two triangles satisfying
the given conditions.

Suppose that a, b, and a are given,

Case (i) a < 90°

bsina
@ 7
No solution : a < b sina One solution : a = b sina
C
b a
Q
(iii) A )

Two solutions : bsinag < a < b

Case (ii) a > 90°

One solution : a > b

(i) (ii)
No solution : @ < b One solution : ¢ >
Example 25.
Find the number of solutions for each triangle.
(a) a =6, b=12 and a=30°
(b)a=10, b=12 anda=45°
(c) a =4, b=12 and a=60°
Solution
(a) bsina = 125in30° = 12 x
.o =bsina
.". One solution.

=6

[\ N
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(b) bsina = 128in45° = 12 x ? = 6y/3

sbsina<a<d

.*. Two solutions.
(c) bsina = 125in60° = 12 x _\é_ﬁ =63

sa<bsina
.. No solution.

When two sides anq an angle opposite to one of them are given, it is important to
sketch and label the triangle first. Then determine the number of possible solutions.

Example 26.

Solve the AABC with g — 2\/§,b ='2v/3 and a = 45°.
Solution

bSina:?\/gSill45°=2\/§x§=\/é_ a=22
Sbsina <a <b. (a=2v2=7) A - -
There are two solutions. ) 2 1
In AABIC,
sinf;  sina
b a
bsi s 3
Cosinf) = e 2/35in 45 = v3 X ﬁ = @ = sin 60°
a 22 v2 2 2
,51 = 60°
M =180° — (a+ i) = 180° — (45° + 60°) = 75°
. AB, 2v/2
Agam, = = — b ik -
sin 75°  sin45° ‘ &
2v/2sin75°  2v2  (V6++v2)
o sin 45° V2 4
2
In AAB;C,

B2 = 180° — B, = 180° — 60° = 120°
Yo = 180° — (a + fB2) = 180° — (45° + 120°) = 15°

AB, 2/2

sin15°  gin45°

. 2¢/2sin15°  2v/2 (\/6—\/5)=\/(—)——\/§
- AB, = =22 x
2

sin 45° 4
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Exercise 10.4

Find a if b= 4,c = 11 and a = 60°.

Find b if a = 20,c = 8 and 8 = 45°.

Find c if v = 30°,a = 45° and a = 100.

Find @ and ¢ if & = 30°, 3 = 120° and b = 45.

Find v if a = 12,b =5 and c = 13.

In AABC, if ZA = 60°, a = /3 and ¢ =2, find b.

In AABC, if ZB = LA+ 15°,£C = £B +15° and BC = 6, find AC.

Solve the AABC with a = 2, ¢ = v/6 and y = 60°, having given that
e V6+V2
sin 75° = —F .

. Solve the triangle ABC with a = 2v/6, ¢ = 6—2v/3, /B = 75°, having given that

V62
_Feig

Solve the triangle ABC with /B = 60°, ZC = 15° and b = /8, having given
that sin 105° = -‘/6—1'—‘/_3, and sin 15° = ﬁi—‘@.

Solve the AABC with ZA = 105°,£C =30°,b=4, having given that
. oee VEHV2
sin 105° = —

0s 75°

The sides of a triangle are 2, 2%,3%, find the greatest angle.

Given ZA = 45°, /B = 60°, show that AB : BC = v3+1: 2, having given that
o VB V2
sin75° = 1

If ZC = 60°b=2v3,c =372, find ZA.

; 1 1
Solve the AABC witha = ———— b = ———— = A0°
V6 — V2 \/B'+\/§’éc 60°.

Prove that (b— c) cos—;-l- = asin B ; C.

Prove that asin(B — C) + bsin(C — A) = ¢sin(B — A),
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18. A and B are two points on one bank of a straight river, distant from one another
at 936 m. C is on the other bank and the measures of the angle CAB, angle
CBA respectively 75° and 45°. Find the width of the river, having given that

e VE+V2
sin 75° = —

19. In AABC, AB =z +1, BC = z + 3 and AC = z — 1 where z > 3. Prove that

T
0 —2) Find also the integral values of z for which ZA is acute.

20. If a, B, 7 are the angles of a triangle and tan a = 2 and tan g = 3, prove
that tan y = 1. If a,b, ¢ are the corresponding sides of the triangle, prove that

__a_ C
22 V5
10.8 The Area of a Triangle

cos A =

| o

-7

a
Consider AABC. Draw AD 1 BC. Then the area of AABC is
1
a(AABC) = % x BC x AD = 3 % BC x ABsinB = % ac sin B.
Similarly, we can prove that

a(AABC) = % ab sinC,

and a(AABC) = % be sin A.
Generally,

1 s o {
Area of a triangle = E(product of lengths of two sides) x (sine of included angle)

Theorem 10.1. (Heron’s Theorem)
Let the lengths of the sides of a triangle be a,b and c. Then the area of the triangle is

given by
Area = /s(s—a)(s—b)(s—c)
. a+b+c
where s is the semi-perimeter, that is, s = 5 .
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Proof

Let ABC be a triangle with angles a, 3,7 and corresponding opposite sides a,b,c

respectively. Then the area of AABC is
1 1 ., o .« a
a(AABC) = Ebcsma = —bc(2sin = cos =) = besin 5 €08 &

2 2 2 2 2
Since 2sin2%=1—cosa, we have
2 2 ;
2sm2(; =1 9%62—0—(3— (.- a? = b + ? — 2bccos )
= (PP —2%c)
- 2bc TR T
_al—(b—¢c)? (a+b—c)la-b+o)
B 2bc B 2bc

Since a+b+c=2s, a+b—c—a+b+c—2c—23—26—-2(3—0)

and a—bdc=a+b+c—2b=2s—2b'=2(s—b)
) ,22_2(s—c)x2(s—b)__2(3-—b)(s—c)
L 2sinty = 2bc ST e

2a - (s—b)(s—c)

%w—w@—@

Since 2 cos? 5 = 1+ cos o; then 2 cos? % =1+

sin

P+ —a?

2bc
2bc+b2+02—a
2bc
_(b+c)2—a2
N 2bc ,
_(b+c—a)lbt+c+a)
2bc
(a+b+c—2a)(a+b+c)
2be
_ (25 =2a)2s _ 2s(s —a)
T 2c b
a  [s(s—a)
cos 5 =4/ —p—

So, the areca of AABC = bcsih g— coé% |

Text Book

f(s=b)(s—¢c) [s(s—a
=bC\/( I))i - )\/(bc ) = /s(s —a)(s = b)(s — ¢).
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Example 27. 23
Prove that the area of an equilateral triangle with sides of length a is 1
Solution
The semi-perimeter is ﬂ‘_‘;ﬂ 3a.
2
Area of equilateral triangle = ( s(5—a) (5 —b)(s —¢)
3a ,3a '
= \/—(— - )(— - a)(—— ~)
: ¥
= _xaxa*a‘_”- .-,‘a2'- 3s uni;S' |
5 X3 XgXgT YU

Example 28.

Find the area of a triangle in which two sides are 30 cm and 12 cm, and the included
angle is 30°. ; .

Solution ) T i . _
The area of a triangle = — x 30 x 12 x sin30° = = x 30 x 12 % 3 = 90 cm?.

Exercise 10.5
1. In AABC,a = 10,b = 20 and ZC = 45°, find the area of AABC.
2. In APQR,p = 12,9 = 6 and ZR = 60°, find the area of APQR.

3. Find the area of the triangle if the sides have lengths:
(a) 5,6,7 (b) 5,12,15 -+ (c) 10,17;21. 10 -

4. The sides of an isosceles triangle measure 7,7 and 10 Find the length of the
altitude to one of the congruent sides.

5. Find the area of the kite.

A 8 D
6 5
B 7 C
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Chapter 11

Methods of Differentiation

In this chapter we shall consider real-valued functions whose domains are arbitrary
subsets of R. We first discuss the fundamental notion of limit of a function and the
concept of derivatives. We next introduce sum rule, difference rule, product rule,
quotient rule and chain rule that will be used to calculate derivatives more efficiently.
Finally, we shall explain the method of differentiation for implicit functions.

11.1 Limit of Functions

The basic idea of limit is to describe the behaviour of
function when the independent variable approaches a given
value. For example, let us consider the behaviour of the
function

f(x) = 222

for z-values closer and closer to 2.

Here z would be 2.1,2.01,2.001,2.0001,... from the
right of 2 as well as £ would be 1.9,1.99,1.999, 1.9999, ...
from the left of 2. It is seen that none of them equal to 2,
but z are selected closer and closer to 2 on either left or
right side of 2. Then we find the following:

<

— 0

0O =— 2 &

1.9 | 199 1.999 1.9999 2 2.0001

2.001 2.01

2.1

I
F(x) | 7.22 | 7.9202 | 7.992002 | 7.99920002 8.00080002 | 8.008002 | 8.0802

8.82

>y 8

Left side

Right side

It turns out that the values of f(z) get closer and closer to 8 from either side.

We write

lim 222 =8 or 222 58 as 1 — 2.

z—2
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If the values of f(z) get closer and closer to a by taking the values of z sufficiently
close to ¢ (but not equal to c¢), then we write

in )=
which is read as “ the limit of f(z) is a as z approaches c or a is a limit of f”. We can
also write
f (3’) —a as T —ec

L

Notice th.e.phrase. “t.he value of z sufficiently close to ¢ (but not equal to c)” in
the definition of limit. This means that in finding the limit of f(x) as = approaches c,
we never consider x = c.

Limit of a Constant Function

For the constant function f(z) = a,
lim f(z) =lim a = a, where c is a real number.
T—cC T—c

Limit of Identity Function
For the identity function f(z) = z,

lim f(z) = lim z = ¢, where c is a real number.
z—cC T—cC
It is easily seen that
lim 5 =35, lim(—2) = -2, lim z =1, lim =z =-2.
z—2 z—0 z—1 -2

The Limit Laws

If lim f(z) and lim g(z) exist and c and k are real number, then
T—C Z—C . .
1. Sum Rule: lim [f(z) + g(z)] = lim f(z) + lim 9(z).

2. Constant Multiple Rule: },’_IH: (k- f(z)] = kl:ng f(z)

3. Product Rule: ll_fg [f(z) - g9(z)] = [l‘_)"i f(z)] [l‘_’“z 9(z)]
lim @)
4. Quotient Rule: ;lcl—qi [5((—3_] = W ) chl_% g(z) # 0.

5. Power Rule: BH};[ f(@)" = [llg}: f(@)]",n is a positive integer

6. Root Rule: }cl—% Yf(z)= V i‘_‘f}: f(z).

(If n ‘is even, we assume that lx_xg f(z) >0)

el
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Example 1.
Find (a) lim (z +6) (b) 1137_11 2-z) (c) J1:131i (6x) (d) zlggl z(z —1).
Solution
(a) lim(x+6)=limz+lim6=3+6=9

z—3 z—3 z—3

(b) lim(2-2z)= lim 2— lim z¥2—(*1)=3
x_—»—l . z—=-1 z——1
(c) llgé(ﬁ:::) = [lllré 6] [alcl_xz:l3 z]=6-3=18

(d) lim oz =1)=[lim a][lim (@-1)]=(-1)(-2) =2

Example 2.

3 _
Find lim M
z—2 z+1

Solution i (42 4+ 32 — 3)
lim4x3+3:c—1=xl_,1%(z ' :EE
z—=2 zT+1 lim(z+1) 3
T2
Example 3.

Find (a) lim (2:c ~-3)3 | (b) lim V7z% + 6 | (c) lim (z° — 2z + 1)4/3.
z—2 z—0 z——1

Solution
(a) lim(2z — 3)% = (lim (22 — NN =1¥=1,

(b) lim Viz? 46 = 113(1)(7x2+6)=\/é

: - 4/3 _ : 3 4
(© Jim (s ~ 20+ )Y =  lim (@ - 22+ 1"
= {/Llim (" — 20+ 1)) = V20 = 292

Limit of a Polynomial Function
If P is a polynomial function, then
lim P(z) = P(c), where cis any number.

I—C
Example 4.
Find lixr% (52° — 3z% + 2z — 1).
Solution

: 3_ 9.2 -1)=5.22-3.9?2
3151_13(5:17 3z + 2z —1) 5‘2 3:2°+2:-2-1=40-12+4-1=231

When we consider the rational function’s behaviour near a particular point o that leads
to division by zero, the quotient rule in the Limit Laws cannot be used.
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Let us consider the function f(z) = z? -9

This function is defined for all real nurgb;rg z except T = 3.

That is,

_ -9
@)=,

z # 3.

We can simplify that

fa) =222 _(2=3)+3)

7 —3 z—3 =z+3 for z#3.

Tfle gr,::mph of f is the line y = = + 3 with the point (3, 6) removed which is shown
as a “hole”. Even though f(3) is not defined, we can find the value of f(z) as close as
6 by choosing z close enough to 3.

2 _
Thus lim ~ 9 _ lim(z + 3) = 6.
z—3 I — z—3
Example 5.
3 _ 2 _ s o
Find (a) lim it . (b) lim v o3 (c)lim verl-1 1.
z—1 r—1 z—0 z—0 T
Solution ) "
@) limfo T odett ol -de-])
z—1 z—1 z—1 r—1
. (z=1)(z*—4)
= hi
z—1 r—1
= lim(z® — 4) = -3.
z—1
o 22-3z . z(z-3) . _
(b) ll_l;!(l) = =i1_r+% ——:1;——51:%(3—3)— 3.
vz+1-1 ) ve+1-1_ +z+1+1
(c) lim = lim X
z—0 T z—0 T ) v -il— 1+1
—alcl-% (Vz+1+1) 2
Exercise 11.1
1. Find the limits of the following: -
. 2 . . A A
(a) lim (" — 32) (b) lim (V: z - z) (c) lim ——
., z*-= i ,
(@) Jim (2c*-5z+1) (9% 777 (f) lim Viz+9
m L (=2 b) lim = () lim 2%
(g)l%;(x+4—1 (b z=1 -1 ::-»93—\/5
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\One:Sided Limits of a Function

At the beginning of the chapter, we describe 11m f(z) = a by saying that z gets closer
to ¢ on either left or right side of ¢. If we only approaches ¢ from one side, we have

a one-sided limit. As z gets closer to ¢, but remains less than ¢, the corresponding
value of f(z) gets closer to L. The notation

lim f(z) =

T—c™

is called the left-hand limit.
As z gets closer to ¢, but remains greater than ¢, the corresponding value of f(z) gets
closer to R. The notation

lim f(z) =
z—ct
is called the right-hand limit.
Example 6.
Find lim |z| and lim |z|.
z—0+ z—0~ y
Solution -
x ifz>0
= ! - y=|=l
=1 -z, ifz <0. 3

If z > 0, then |z| = z and z is getting close to 0,

lim [z| = lim z =0. : iy —
z—0t z—0+ -3 3
If z <0, then |z| = —z and z is getting close to 0,
lim |z| = lim (—z) =
z—0~ z—0—
Note: In this example we see that 11%1 lg] = 1ix(1)1 |z|. Thus |z| has a limit 0 as z
— —0~

approaches 0.

A function f(z) has a limit as = approaches c if and only if left-hand and right-hand
limits exist and have the same value:

;lvx_ﬁ f@)=a < lim f(z) = zl_i+m+ f(z) = a.

T—rC™

However, some functions show different behaviours on the two sides of an z-value. We

often see the following case
lim f(z) # lim f(z).
z—ct T—e~

In that case we say that f(z) has no limit when z closes to c.
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Example 7.

: imi T2+ g
Find the limit of f(z) = "\le when z = 0 if the limit of f(z) exists.

2
f(:L‘) = d I;-lx, T ")é 0. \\ /y: zzﬂlz
14

2
+x
Whenz >0, f(z)=2 =z+1.
xr -kb

Solution

2
When £ <0, f(z)=2 +x=_x_.1_

2
We observe that when & > 0, lim £ =% _ lim (z+1)=1 and
T—0+ IZ’l z—0+
e A
when z < 0, lim = lim (—z—1) = —-1.
z—0~- I.’E z—0—
2 2
Hence lim % # lim u
=0t |z 20— |z

Therefore f(z) has no limit when 2 closes to 0.

Infinite Limits v

We now consider the behaviour of function flz) = 1 for
P

values of z near 0. In the graph, the z-values are taken
closer and closer to 0 from the right side, the values of — : s

f(z) are positive and increase larger and larger. Similarly ~° 3
the z-values are taken closer and closer to 0 from the left

side, the values of f(z) are negative and decrease smaller

and smaller. -

More precisely,

when z = —1, flz) =-1; when z = 1, flx)=1

when z = —0.1, f(z) = —10; when z = 0.1, f(z) =10

when z = —0.01, f(z) = —100; when z = 0.01,1 f(z) = 100, etc.
Therefore lim 1 = —00. : lim — = oo.

=0~ T . :E—:}O"'. T .
In writing these equations, we are not saying that the limits exist because there are

no real number co and —oo. So we say that the function f (z) = . has no limits as

z— 0" and as z — 07.

Example 8.

Find the one-sided limits of (a) mll_'gl+ 1= 2z (b) wll_gl_ 1< 92
Solution 1

The domain of function is {z | z # 2}.

4 -2z
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1 . . % .
(a) If z> 2 and z is getting close to 2, the value of Y is negative and is getting

smaller. That is

. o e lS0
zl-lglﬂ- 4-2z

1 . -
(b) If z < 2 and z is getting close to 2, the value of y— is positi
larger. That is

ve and is getting

= 00

a:llgl' 4 et 2:L‘
Continuous Functions

The graph of a function can be described as a continuous curve if it has no breaks
or holes. Therefore we now study what properties of a function can cause breaks or

holes.

<

Continuity at a Point

Definition.

A function f is said to be continuity at a point z = ¢ if the following conditions are
satisfied:

1. f(c) is defined.
2. }:l—»nl f(z) exists.
3. lim f(2) = f(0)

If one or more of the conditions of this definition fail to hold, then we will say that f
is discontinuous at r = ¢ and c is a point of discontinuous of f.

K y = f(z) K y = f(z) 1

/ / e
/ 3 / 3 v
» z - 1 Qe

7 7 *» T > T
0 0 0 v
Continuous Discontinuous at z = 0 Jump at z = 0
Fig. 11.1 Fig. 11.2 Fig. 11.3

In figure 11.3, the function f(z) has no limit as z — 0 because its values jump at
z = 0. For positive value of z arbitrarily close to zero, f(z) = 1. For the negative
value of z arbitrarily close to zero, f(z) = 4. There is no single value approached by
f(z) asz — 0.
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Continuity on an Interval

A function f is continuous at each number in an open interval (a,b), then we say that
f is continuous on (a,b). However when we consider the continuity of function on a
closed interval [a, b] or the end point of an interval of the form [a,b) or (a, b], we need
to consider the one-sided limit at that endpoint. For example, the function graphed in

the figure is continuous at the right endpoint of the interval (a, b] because
dly

li =
Jim f(z) = £(b)
but it is not continuous at the left endpoint because
i
lim, f(z) # f(a).
In general, we say a function f is continuous from the left at c if
lim f(z) = f(c)
I—C
and is continuous from the right at c if

lim f(z) = £(0).

Definition.

A function f is said to be continuous on a closed interval -
[a, b] if the following conditions are satisfied:

1. f is continuous on (a,b).

2. f is continuous from the right at a.

3. f is continuous from the left at b.

A continuous function is one that is continuous at every
point of its domain.

Example 9.

Show that a function f(z) = v/4 — #2 is continuous at every point of it domain [-2, 2].

Solution
If ¢ is any point in the interval (—2,2), then ¥

lim £(2) = lim VA= 2 = \/im(@ =) = VI=¢ = f(0).

T—C -
Thus, f is continuous at each point in (—2,2). y=vai-z2
lim f(z) = lim vA—a2 =,/ lim (4—2°) =0=f(2). \
T2~ z—2 R

z—2— 3
A function f is continuous from the left at 2. -2 0 2

lim f(z)= lim v4-—2z*= lim (4-2%) =0= f(-2).
z——2+ z——21

g——21

" A function f is continuous from the right at —2. Hence, f is

continuous on the closed interval [—2, 2].
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Example 10. 10
. z+2 : : 1 fz 6 ﬁ
The function y = — is continuous at every value O y ;

z-1
except 2 = 1. It has a point of discontinuity at = = 1 because =, 1o

it is not defined there. Thercfore the given rational function is -5
continuous on its domain (=0, 1) and (1,00). iy L

Note. Every polynomial function is continuous on R and every rational function 13

continuous on its domain.

Limits at Infinity
then we write £ — 00 and if the

If the values of variable z increase arbitrarily large, )
Let us consider

values of variable z decrease arbitrarily small, then we write £ — —0°.

the limit of function f(z) = i for both z — oo and £ — —00.

That is ; 1
z =1, - =1, ng =1, —=-1
z T
' 1
z = 10, -1———,-0.‘1,@ reey pepi L0y - ==0.1
% x
1 1
z = 100, — =0.01, z = —100, — = —0.01, etc.
z x
1 1
It turns out that lim — =0 and lim = 0. More generally, forn =1,2,...

z—00 T T——00

1 ' 1

lim i 07 i lim —_— = 0_
z—o0 I" z——00 I
Example 11.
2
Find: (a)lim (6% —3*—1)  (b) lim (2%+32% —2)  (c) lim 22t
. z—00 ‘ Z——00 =00 3 — 2
Solution 5 FY
- 3_ 22 Ve Tmld(6— 2 A=
(2)  lim(62° — 32"~ 1) = lim [2°(6 — — = )] = o0
. 5 2 N T 5 3 1
(b) zll)x_nw(% +3z° —z) = xgr_nw[x 2+ ol -37—4)] = —00

(c) We first divide the numerator and denominator by the highest power of z in
the denominator.

1 1 1 :
lim cild s S lim -E——}E+;§_O_O+O_
g0 I3 —2 z—400 2 1-0
b=
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Exercise 11.2

1. Find the one-sided limit:

i 1 1
a) lim b .
( )H”alclg e (c) zl'_f?m-z ) b 3
(e) lim (f) lim s, z h) Hm ————
z—2t 1:2 -4 z—2— 1'2 —4 (g) zh—15+ Iz -5z ( )I-E?— 2 i 5z
2. Show th|at| the limit do not exist for the following:
-2z z? -1
a) lim — '
@ l 2 o) iy T @l
3. Find the limit of the following functions:
. 3z — 5 o . 7
(a) Ill)r{.lo 122:1; +1 (b) a}g{.lo 3 — 2 (c) zkr_floo(l — 3z —4z')
. zr—x+10 Vz2 — ' 2
(d) lim —— (e) lim r o2 (f) lim (1 ~ —)
T—00 r—1 z—=o0 2z —1 Z—>—00 z

4. Determine where f is continuous.

(a) f ()—24_3’1 (b) f(z)=vZ  (c) f(z) =2®+3z—1

5. Find the value of z at which f is not continuous.

T z = z? —
@@= )@=t 5 @) -y

11.2 Derivatives

Let us consider the point P(zo, f (xo)) on the graph of the function y = f(z) and
Q(zo + h, f(zo + h)) is another point on the graph. The slope of the curve at the
= lim

point P is
f(zo+h) — f(o )
h—0

h
if the limit exists. The tangent line to the curve at P is the line through P with this
slope.

Example 12.
Find the slope of the curve y = z? at any point £ = a. What are the slope at the pomt

2=92and z = —1?7 Where does the slope equal 1?
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tangent line

tangent line

secant line

secant line
(zo + h, f(zo + h))

-7 P(o, f(20))

/ v = f(z) v=1(z)
— 2
0| %o zot+h
Solution
Here f(z) = z2. The slope at (a,a?) is
. fla+h) - f(a) . (a+h)?2—a? Wapedn
lim = lim———"
h—0 h | h—0 h
. a? + 2ah + h% — a?
- h_rl% h - — z

= lim (2a + h) = 2a.
h—0

Thus the slope at the point z = a is 2a. When a = 2, the slope is 4 and when @ = —1,
the slope is —2. If the slope is 1, then 2a = 1. Thus a = % Therefore the curve has
slope 1 at the point (3,3)

Derivative at a Point

h) —
The expression fzo+h) f(xo)’ h # 0 is called the difference quotient of f at

zo with an increment h. If the difference quotient has a limit as h approaches zero,
it is given a special name and notation.

Definition.
The derivative of a function f at a point o, denoted by f'(z) is

f(zo+ h) — f(z0)
h

/4 o .
f (1‘0) ,1)1_%
if this limit exists.

Example 13.
Find the derivative of f(z) = 22 + 5 at 3. That is, find f'(3).

Solution
Since f(3) = 3% + 5 = 14, we have

fB+h) -fB) _B+h)?+5-14 p246h
h h =T
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The derivative of f at 3 is «
3+ h) ~ f(3) h(h + 6) s

3) = Jim £ _ o h(h6) o

FO=m ™% fim = =i (9 =0

Example 14.
Find the derivative of f(x) = ;,;3 at c. That is, find f/(c).

Solution ‘ =g
Since f(c) = ¢*, we have
fle+h) - (c) C(e+hpP - 3Ph+ 3ch? + h?

h : h h

The derivative of f at c is

o) = i LEEM =IOy BOSABRA) _ o (02 1 5ot 1 1) =3

The Derivative as a Function

We now discuss the derivative as a function derived from f by cohsidering the limit at
each point z in the domain of f.

Definition.

The function f’ defined by the formula

h—->0

is called the derivative of f with respect to z. The domain of f’ consists of all z

in the domain of f for which the limit exists.
There are many ways to denote the derivative of a function y = f(z). Some commot

notations for the derivative are |
L d df
f’(x) V=p == ——f(:r)

The process of calculating a derivative is called differentiation.

o ———— R SRR S TE

=



Grade 11 Mathematics Text Book

Example 15.

Differentiate 2 + 3z + 6 with respective to = by using the definition.

Solution
Let f(z)=22+3z+6.

f@+h)=(z+h)?+3(c+h)+6 = a*+2zh+h*+32+3h+6
= (a:’+3z+6)+(2zh+h’+3h)

Thus
s s ol e ) = flm) LS 2zh + h? + 3h
Fie) = pm h ol = h
= lim 2z +h+3)=2z+3.
h—0 '
Example 16. £ ,
Differentiate f(z) = % with respective to z by using the definition.
Solution 1 3 HeE
Since f(z) = - we have f(z + h) = 1R
Then 11 (z+h)  —h
. z—(z —
f(x+h)—f(x)—x+h_;_ (x+h)r  (z+h)z
Therefore . el s
o _ o feth @ -1 1
dz h—0 h . ho(z+h)x 2
Example 17.

Find the derivative of f(z) = y/Z for z > 0 by using the definition.

Solution

= lim
h—0

f(z+h) - f(z) VZ+h— /T
h h

_ g VEFR-VI(VE+ R+ Va)
h=0 h(Vz + h+ /T)
1

= lim h

b0 h(VZ +h+3z) 2vVZ

Note that some functions may fail to have the derivative. Thus we need to study
the right-hand and left-hand limit of difference quotient of a function at any point of
the function’s domain.

f/(z) = lim

h—0
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Show that the function y = |z| has no derivative at z = 0.

Solution '
To the right of the ongm llm f(() + k) - £(0) - L.I —— = 1.
z—0+ h h h
To the left, llm f(0+h’)l f(0) — l%l = —Th = —1.
We observe that
i, LO+P 1O 1 FO+R)=10)
z—0t h a:—-)O— 0~

Hence there is no derivative at the origin. ¥ not defined at £ =0

Exercise 11.3

1. By using the definition, find the derivative of each function at the given number.
(@) f(x)=2z*—z+1at3 (b) f(x) =z*>—2z at 0
() f(x) =-br+1 at -2 (d) f(z) =vVz +2at 4

2. Find the derivatives of each function with respective to z.

(a) fz) =22 —22+1  (b) f(&)=—

3. Show that the function y = |z — 5] has no derivative at z = 5.

11.3 Differentiation Rules

In this section, we introduce the differentiation formulas of constant functions and
power functions. Then you will study the derivative of sum rule, product rule, quotient
rule and chain rule.

Derivative of a Constant Function

If f(x) = c is a constant function, then 4 = _d_c = 0.
dzx
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Proof Y
At every value of z, we find that 1
c| (zc) (@+ho)
oy — e JE+R) — f(2) y=¢
 im S = Jim 0 =0. 0 z z+h %
f h—0 h—0: 3
Power Rulg - _ Y = 14
d .. .
|If n is a positive integer, then ."E;a:“ = nz"!
Proof y
Let f(z) = z™ where n is a positive mteger
flz+h) = (z+h)" Yot o
='z"4+n- 1:"1 h+—-@2;1-)--a:"—2-h2+...+h"
= ‘gt +h[ "11+..(..n_2_—"'_1).’$"—'2';h+_‘__]'
“ f(z+h)—f(x) hin - z“‘1+n(n—21:—).z"“2-h+..;], :
d fl@+h)=f@) . o o L
E;f(x) ’11% h . 2.3 5 % v K O I S
1 :
hin - 93"'_1+———( 5 ) "2 h4 )
= lim S SERSCTERS
h—0 h
s nn-—1
o }l%[n-xnl _(T—) ."_2 h+ J=n. 2"

Power Rule (General Version)

If n is any rational numbeér, then

z"™ and z"! are defined.

- n—1
= nz"™" for any z where the power
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Example 19.
Differentiate the following with respect to z.

4 2 _ 1
(a) Z (b) z3 (c) z~3 (d) -
Solution . o 4
(a) —(w‘) = 4z~ = 42° (b) (e} = ot = 2~}

a _4 — _4 44 _ 4, -1 d 1 d o T —4

(C) (.’1: s 333 $ =3 3 (d) E (F) — zi—:;(z 3) = =3 -3z

Derivative of Constant Multiple Rule

If f is a differentiable function of z and cis a :constalnt,A then | Ed—(cf (z)) = C%f (z)-
, _ x

‘Proof ; :
2 g0y = g LETN =A@y St D=1 _ g

h—0 h

Example 20.
Fmdd—z for (a) y = 3z? M y=-z  (c)y=-2Vz.

Solucgion
(a) —(3$2) = 3 (:v2) =3- 2:1: = 6z

(b) —-(—:v) -——( 1.7)=-1- —(:1;) o
(c) —( -2Vz) = —2—(:“) _ 2. 150 g

For the curve y = f(z), the slope of the tangent

¢, at the point (z;,71) is the value of E—Z— atz =z, 4@ v=f(z)
hence the equation of the tangent at (:vl, yl) is A
y—y = f(z1)(x - -’51) Y 21,1

The line ¢, which is perpendicular to the tangent

4, at (z,y,) is called the normal to the curve at )

a?

(z1,1). Hence its slope is the value of — yaen) 0 e

where f/(z;) # 0. The equation of the normal
at (z,,y,) is

y- =~y = =)
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Example 21.

Find equations of the tangent line and normal line to the curve f(z
(1,1).

) = z? at the point

Solution.
f(z) = z%,then f'(z) = 22

At (1,1), f'(1) = 2. Therefore the equation of the tangent line at
y—1 = 2(z-1)

(1,1) is

y = 22 L 1.- ‘ 0 i 3
The slope of normal line is —%. Thus the equation of the normal line at (1,1) is
g~ = —%(x -1)
1 3
y = ——x+ =

2 2"

Sum Rule

If f and g are differentiable at z, then the sum f + g is differentiable at z,
d d d
—(f(@) +9(@) = 7 f@) + 729

(o0
(F+9/@) =@ +9()

Proof d
(f+9)(@) = (f+9)
= 2(f(x) +9(2)
_ i @+ + 9@+ )] - [f(z) +9()]
h—0 h
. [fz+h)=f h) —
- }.‘1.%[ . (x)+g($+z y(x)]
f+o@ = LN I@ i ozt ) = o(o)
d
= £ 5@+ 29(@)
= f'(z) + ¢'(z).
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Combining the Sum Rule and the Constant Multiple Rule, we get

d
= (/@) - (=)

2 f(z) + - (~9(2)
= 2 (@) +(~1) 10(a)
= 2 1) - 302

Example 22.

Find the derivative of y = z3 + 222 — 3z — 6.

Solution

dy

d
iz E(x3+2x2 — 3z —6)

= 322+2(2x)-31)—-0=3z>+4z -3

Product Rule
If f and g are differentiable at x, then the product fg is differentiable at z,

2 (1@)9(@) = F)ole) + 9@) 1)

(or)
(f9)'(z) = f(2)g'(z) + 9(=) f' ().

e R)o(z + h) — £(2)g(@)
x +h)—j(T)g(x
L f@ata) = LEEHIELR L0
_ i [yl + h) = f(z + h)g(z) + f(z + h)g(x) — f(x)g(x)
) h

S fiCh h)(g(z + h) = g(z))} + g(2)(f (= + h) - f(x))

h—0 h
et =o@) | fEth) -
{rasnm SR04 g LE2D 1)

lim
h—0

li f)d (x) + (w)-—df()
= hl—’f(l)f(x-*— &dzg 9 dx T
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Since ’111-1*1(1) f(z+h) = f(z), we get | -

2 (H@)ola)) = 1) ola) + (a) 7 @)

You may notice that while the derivative of the sum of two differentiab.le functior}s is
the sum of their derivatives, the derivative of the product of two differentiable functions
is not the product of their derivatives.

Example 23.
Differentiate (z3 — 2z)(3z* + 2) with respect to z.

Solutign i J
3 4 _ 3 & q 4 4 — (3 —
'Jx“[(m —-2z)(3z* +2)] = (z°—2z) dx(Bz +2) + (32" + 2) o (z° — 2z)

= (2% - 2z)(122%) + (32* + 2)(32° - 2)
= 212% — 30z + 622 — 4

Quotient Rule T S P i
If f and g are differentiable at z and if g(z) # 0, then the quotient “;((:)) is differentiable
at z, ‘ | P | 4
d (fz)) 9@ g f(@)- (@) ——g(z)
= (55) =" Gy
. .
(1Y _ 9@)(z) — f(z)g(=)
(9) =) o (9(=))? '
Proof C ‘ .
. g4 (L) __ o) =
First we proof I (g(w)) = L@)E
{ 1 1)} o glx) - g(z + k)
d 1\ _ . lglz+h) g(=)) _ . _g(z+h)g(x)
d—x('g'm)-},‘i% h = M

im L, 9(®) — g(z +h)

hs0h gz + h)g(z)

- lim {_g(w+h)—g(x). 1 }
ekl h 9(x + h)g(z)

i

g (z) lir
S n
dz" W50 gz + Ryg()
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Since }l% 9(z + h) = g(z), we get

Next we use the product rule to obtain

(’;EB) % (f() @) - 1@ i+ 1 (55 ))I

f'(z)  f(@)d(z)
g(z)  {g(x)}?
9(z) f'(z) — f(x)g/(x)

(9())?
Example 24.

i : 2z +1 1 _9
Differentiate (a) (b d _z-2
Solution b =2 ( )39’ and (¢) r? + 3 —7 With respect to z.
(a) d 2z+1 (sx—z)d—x(zxﬂ) —(2x+1)£(5x—2)

= (5z —2)2—-(2x+1)5 -9
(5z — 2)2 = Bz—2p
d
® L1 Bz—4)x0-=-82—-4) 3
dr 3z —4 (3z — 4)2 = Go_1y
2 d d, .,
d -2 (z +3z—1)%(x—2)_($_2)£(:€ +3z—1)
(©) dr z2 + 3z — 1 (% + 37 — 1)?2
_(@?+8s-1)—(z-2)(2z+3)
(22 + 3z — 1)
(2 + 3z —1)?
—x?+4z+5
- (z2 + 3z — 1)*
When we consider the differentiation of the function
(17) vVI°—1IT,

late F'(z) directly. 45 ‘
i (gtr)l;le(;t\r:?}(i:ta; is :(a. lomposxte function, that is if we let y = f(u) = /u and if

u = g(z) = 22 — 7, we can write y = F(z) = f(9(z)) = (f o g)(z). We have studied
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how to differentiate both f and g, so we can find the derivative of F = f o g in terms
of the derivatives of f and g. This is called the Chain Rule.

—
The Chain Rule he functi
If y = f(u) is differentiable at u and u = g(z) is differentiable at z, then the function

y = f(g9(z)) is differentiable at z, and

— T s 4 ——

Since y = f(9(2)) = (f © g)(a),
| (fog)(x) = f9(x)) - ¢'(x).

Example 25.
Find ¢/(z) if y(z) = V22 — z.
Solution

Let u = z? — z. Then y = \/a.

dy du 1 z—1
! o Ao -3 . — —_2
y(z) = du dz 2\/_(2:(7 1= '

The Power Rule Combined with the Chain Rule
If n is any real number and u = g(z) is differentiable, then

d 1du

n 0= d
&= o U =@ (@),

Example 26.

Differentiate y = (2% — 1)® with respect to z.

Solution
y=(a? - 1)°

dy 2_ 1\ _r2_1v¢ 8, o
diL’ ( ) - 5(.73 1) a}'(w - 1) = d(.’L‘2 - ]_)4 ‘27 = 10$(.’L‘2 _ 1)4‘
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Example 27.
-1
Find f'(z) if f(z) = ( o) ) X
Solution
f(z) = )

fl(z) = 3@:)2
<:1: 1

Example 28.
Find f'(z) if f(z) = (2% — 22)3( - 1),

Solution
fz) = (22 — 22)3(2* — 1)?
f(@) = [ =200 - 17 + (@~ 22 (ot~ 1))
= [Jg*— 23:)2%(2302 — 2z)](x* — 1)2

(22 — 20)[2(a* — 1)%(:54 ~1)]
= 3(2® — 22)%(4z — 2)(2* — 1) + 2(2? — 20)3(2* — 1)(42%)

Higher-Order Derivatives

If y = f(z) is a differentiable function, then its derivative f'(z) is also a function of
z. If f' is also differentiable, then we can differentiate f’ to get a new function of
z denoted by f”. The function f” is called the second derivative of f. It can be

written as ) df’ d2f 3 d2y __d_ iiﬂ . (_i!L'_,;,

ty=f (z), then successive derivatives can be denoted by

f, )" ///, f(4) f(5) e
) ’ ! ’

For example, if f(r) = 324, then f’ (z) = 1223 and we have

f”(l) — __El_f( ) = i(lQJ, ) = 3622.
f(z) = __..f”( ) = d (3()12) = T2,
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Example 29.
Find ¢ and y” for y = (322 — 2z + 1)%.
Solution
y = (322 — 2z + 1)?
y'(z) = 2(3z% — 2z + 1)(6z — 2) p
M@ﬂ=26x—2%;@ﬁ—ax+1y+mmﬂ—2x+1y;wz—m
= 2(6z — 2)(6z — 2) + 12(3z% — 2z + 1) = 4(272" — 18z + 5)

Exercise 11.4 |

1. Differentiate the following with respect to z.

(a) z* = 5z3 + 22— 1 (b) ':_:_13 (c) 2z + 51:;
(d) (222 +2)(z® —32)?  (e) B+2)V3~— 2 (f) o ;_ 1

Tz — T — . 2 +1
(&) 23552 +57 (b) \2/17117 Oy - :

2. Find the slope of the curve y = 23 — z at any point z = a. What is the slope at

the point z = 17 Where does the slope equal 117

3z% — 8
3. Calculate the slope of the curve y = ———7

at the point (2,4).

' 2 1
Find equations of the tangent line and normal line to the curve y = x2x+

the point (1,3).

5. Find v’ and y” for each of the following functions.
241
(b) y = zvz + 2 (c)y= p (d) y = (3z +2)"°

at

@ y=__

6. Ify=
7. If y = 2z — 1, show that -3y +yy = 2.

2
2z z+ 3, prove that %y’ +zy’' = y.
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11.4 Implicit Differentiation

We have been studied the differentiation of the equation of the form y = f(
some functions like

Py+zyt =1 y? =

z). However
Ty —1
— Y2 — 21y =3 -2y

cannot be differentiated in a usual way. These equations define an implicit relation
petween the dependent and independent variables y and z. To calculate the derivative
of implicitly defined functions, we proceed the following steps:

Suppose y as a differentiable function of .

Step 1 Differentiate both sides of the equation with respect to z.

d
Step 2 Collect the terms with d—y on one side of the equation and solve for ;j-

x x
Example 30. d

If 22 — zy? — y* = 2, find :l%

Solution

2% —ay? -y =2
Differentiate with respect to = on both sides.

dy* , dr , dy
. = et I 2 = 0
2 — dx TY dx] %Y dz
dy 2 2 dy
—reoyd 23222 = 0
2r — T dea: y* — 3y .
d
(2:ry+3y2)-(£ = 2z —y°
dy = 2z-y
dr ~  2zy+ 32

Example 31. . .
Find the equation of the tangent line to the curve 322 + 2y? = 2zy + 23 at the point

(3,2).

Solution
Curve: 322 + 2% = 2zy + 23
Differentiate with respect to x on both sides.

dy dy

6z +4y5- = 2z o~ +]
dy _ o, _¢
(y—22)7- = % 6
dy ¥y — 3z
dz 2y —x
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The gradient of tangent to the curve at (3,2) is

_2-=3( ) I

T 22—
Then equation of the tangent line is y—2=~=7(z~3)

Tx +y = 23.
Example 32.
d?y
Solution
z? — y2 = D)

We differentiate both sides of the equation with respect to x, we get

dy
2w—2y£ =0

&y _ %
dr  y
Next
Py _d(z\_v-zg _ 1_z dy
dz? dx \y y? Yy y? dz
1 T oz
vy vy
1 2
o= 5__3
Exercise 11.5
da
1F1nd J
(a) a:y—5 I (b) z(z +y) = * (c) a:3——4a:y+y2_—_14
1 1 . g
— o B = e)zx°+zy+y =2 f) /z - =1
@ z+z-7 @+ 0 V- va

2. Find equations of the tangent line and normal line to the curve y? = 23 at the
point (1,-1).

3. Find ¢ if 2® + y* = 4zy. Find an equation of the tangent line to the curve
z3 + y3 = 4y at the point (2,2).
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ind y' if 22 — 2y — y* = 1. Find an equation of the tangent line to 41,6 —
F;n :ily — y* =1 at the point (2, 1).
$ _—
5 Findy” if z* +¢* = 1.

Show that the equation of the tangent to the curve 72 +2Zy+y =0 at the point
il
6. (a,b) is z(2a+b)+yla+1)+b=0.

Find the coordinates of the points on the curve 22 — U2 = 3y — 39 at which .
" tangent is parallel to the line z + y = 1.
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